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Two-dimensional nanolithography using atom interferometry
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We propose a scheme for the lithography of arbitrary, two-dimensional nanostructures via matter-wave
interference. The required quantum control is provided ky 2-7-7/2 atom interferometer with an integrated
atom lens system. The lens system is developed such that it allows simultaneous control over the atomic
wave-packet spatial extent, trajectory, and phase signature. We demonstrate arbitrary pattern formations with
two-dimensionaf’Rb wave packets through numerical simulations of the scheme in a practical parameter
space. Prospects for experimental realizations of the lithography scheme are also discussed.
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I. INTRODUCTION masks are that the lithographic pattern cannot be arbitrary

The last few decades have seen a great deal of increas@fd that the resolution of the pattern is limited to the 100 nm
activity toward the development of a broad array of litho- scale.. Since our scheme uses t_he atom m_terferometer, how-
graphic techniquegL,2). This is because of their fundamen- €ver, it allows for pattern formation by self-interference of a
tal relevance across all technological platforms. These techhatter wave, and is thus unhampered by the inherent limita-
nigues can be divided into two categories: paralleltions of the optical mask technique.
techniques using light and serial techniques using matter. In this paper we seek to demonstrate theoretically the use
The optical lithography techniques have the advantage off the atom interferometer as a platform for nanolithography
being fast because they can expose the entire pattern in pdy proposing a technique that allows for the manipulation of
allel. However, these techniques are beginning to reach tha single-atom wave packet so as to achieve two-dimensional
limits imposed upon them by the laws of optics, namely, thdithography of an arbitrary pattern on the single-nanometer
diffraction limit [3]. The current state of the art in optical scale. To do this our scheme employs a lens system along
lithography that is used in industry can achieve feature sizegne arm of the interferometer that performs Fourier imaging
on the order of hundreds of nanometers. Efforts are being3] of the wave-packet component that travels along that
made to push these limits back by using shorter-wavelengthrm. By investigating such a technique for a single atom
light such as x rayg2], but this presents problems of its own. wave packet, we hope to establish the viability of using a
The serial lithography techniques, such as electron beam Isimilar technique for a single BEC wave packet, which
thography[1], can readily attain a resolution on the order of would allow for truly high-throughput lithography.
tens of nanometers. However, because of their serial nature The paper is organized as follows. Section Il presents an
these methods are very slow and do not provide a feasibleverview of the proposed technique. Sections Il and IV pro-
platform for the industrial mass fabrication of nanodevices. vide a theoretical analysis of the atom interferometer itself

A different avenue for lithography presents itself out of and our proposed imaging system, respectively. Section V is
recent developments in the fields of atomic physics and atordevoted to some practical considerations of the setup and its
optics, namely, the experimental realization of a Bosefarameter space, and Sec. VI gives the results of numerical
Einstein condensatBEC) [4,5] and the demonstration of Simulations. Finally, we touch upon the issue of replacing the
the atom interferometdi6—12]. In essence, these develop- single-atom wave packet with the macroscopic wave func-
ments provide us with the tools needed in order to harneston of a BEC in Sec. VII. Appendixes A and B show some
the wave nature of matter. This is advantageous for lithograef the steps in the derivations.
phy because the comparatively smaller de Broglie wave-
length of atoms readily allows for a lithographic resolution [l. PROPOSED INTERFEROMETER
on the nanometer scale. The atom interferometer provides a
means of interfering matter waves in order to achieve lithog-
raphy on such a scale. The BEC, on the other hand, provides In a 7/2-7-7/2 atom interferometeAl ), which was first
a highly coherent and populous source with which to pertheoretically proposed by Bordé] and experimentally dem-
form this lithography in a parallel fashion. The opportunity onstrated by Kasevich and Chtl|, an atom beam is released
thus presents itself to combine the enhanced resolution dfom a trap and propagates in free space until it encounters a
matter interferometry with the high throughput of traditional 7/2 pulse, which acts as a 50-50 beam spliti&d—22. The
optical lithography. split components then further propagate in free space until

It should be noted that, although there has been researt¢hey encounter ar pulse, which acts as a mirror so that the
activity on atom lithography13-15 for a number of years, trajectories of the split beam components now intersect. The
most of the work has involved using standing waves of lightbeams propagate in free space again until they encounter
as optical masks for the controlled deposition of atoms on @anothers/2 pulse at their point of intersection, which now
substrate. The primary limitations of using such opticalacts as a beam mixer. Because of this beam mixing, any

A. Principles of operation
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phase shifte introduced between the beams before they argicular phase pattern in the-y plane to the wave-packet
mixed will cause an interference to occur such that the obeomponent that they interact with via the ac-Stark effect. As
served intensity of one of the mixed beams at a substrate wighown in inset B, Fig. 1, the detuning of the light that the
be proportional to 1+cog, much as in the Mach-Zehnder lenses are composed of is several times larger for $Bate
interferometef23] from classical optics. For our scheme we than for state1). The lenses can therefore be considered to
propose the same type of interferometer, but with a singl&iave a negligible ac-Stark effect on the st@ewave-packet
atom released from the trap instead of a whole beam. ~ component as compared to the stdfecomponent. This is
Now, if we introduce an arbitrary, spatially varying phaselmportant, because in a practical situation the separation be-

shift ¢(x,y) between the two arms of the interferometer be-tWeen the wave packets fi) and|3) may be small enough
so that the transverse extent of the lens pulses could overlap

fore they mix, the intensity of their interference pattern aS 5th wave packets
observed on ha ;ubstrate will ~be ~ proportional to_ L The first light pulse is intensity modulated to carry the
+cqs¢(x,y). T us, In odr system, we use an approprlatephase information of the first lens of the lens system. It then
choice of ¢(x,y) in order to form an arbitrary, tWo- jyiercepts the statd) wave-packet component and adds the
dimensional pattern. This quantum.phasga engmeetajg phases,(X,y). After some time the statd) component has
ready demonstrated for BEG24,25) is achieved by using eyolved due to the first lens such that it is an appropriate size
the ac-Stark effect so thatx,y) = ¢(x,y), wherel(X,y) is  for exposure to the phase information corresponding to the
the intensity of an incident light pulse. arbitrary pattern imagéinset A). Another light pulse is in-
Also, in order to achieve interference patterns on theensity modulated to carry the phase information of both the
nanoscale,¢(x,y) must itself be at nanometer resolution. second lens and the inverse cosine of the arbitrary pattern.
However, reliable intensity modulation of a light pulse is The pulse intercepts the stdfg-component and adds the
limited to the submicrometer range due to diffraction effects additional phasep,(x,y). After some time a third light pulse
One way to address this is by focusing the wave packet aftds prepared and applied to the stgtecomponent to add a
it is exposed to the submicrometer resolution phase shiffhase of¢s(x,y), which act as the third lens of the lens
&(x,y), thereby further scaling dowib(x,y) to nanometer System. Soon after, the final/2 pulse mixe.s the trajectories
resolution after it is applied to the wave packet. Our schem®f the wave-packet components. A chemically treated wafer
achieves this scaling via an atom lens system. is set to mter_c_ept the sta&} component in the-y plane.
Additionally, just as with a Gaussian laser beam, exposind®!€ t0 the mixing caused by the last2 pulse, only a part
a single Gaussian wave packet to a spatially varying phasgf What is now the statgt) component has gone through the
shift ¢(x,y) will cause it to scatter. In order for both the lens system. Because qf the lens system, |t.arr|ves at_ the
phase-shifted and non-phase-shifted components of the Wa\\é/‘vafer with a phase that is a scaled-down version of the_ im-
packet to properly interfere, our lens system is also used t %e phasebe(X, y) =arccosP(x,y). The other part of what is

D : Row the statg¢l) component did not go through the lens
perform Fourier imaging30] such that, at the substrate, the system. There is therefore a phase differencek,y) be-
phase-shifted component of the wave packet is an unsc

aveen the two parts of the stalte-component and the wave

tered Gaussian that is properly aligned with its non-phases, et strikes the wafer in an interference pattern propor-

;hifted counterpart and has the phas_e inf_ormaﬁbn y) st-iII tional to 1+cogarccosP(x,y)]=1+P(x,y). The impact with
intact. Indeed, the lens system, which is created using thge wafer alters the chemically treated surface, and the pat-
ac-Stark effect, serves the double purpose of scaling dowgsm is developed through chemical etching.
the phase informatiogh(x,y) from submicrometer resolution  As a note, one preparation for the wafer is to coat it with
to single-nanometer resolution and neutralizing the wavea self-assembled monolayg87]. However, Hill et al. [38]
packet scattering caused by the same phase &hifty). demonstrate an alternate approach using hydrogen passiva-
tion, which may be better suited for lithography at the single-
nanometer scale due to its inherent atomic-scale granularity.
Finally, note that the coated wafer may reflect as well as
In our overall scheme, represented by Fig. 1, the atomscatter the pulses of the lens system. The phase fronts of the
are treated ad systemq26-33 (inset B and are prepared wave packets may potentially be distorted if exposed to these
in the ground statél). A single-atom tra34—3€¢ is used to  reflections and scatterings. However, this problem can be
release just one atomic wave packet alongztexis. After  overcome easily as follows. During the time window over
traveling a short distance, the wave packet is split by/a  which the lens pulses are applied, a small mirror is placed at
pulse into internal statg4) and|3). The statg3) component an angle in front of the wafer, so as to deflect the lens pulses
gains additional momentum along tlyeaxis and separates in a harmless direction. This will also have the added benefit
from the statd1) component after they both travel further Of not exposing the wafer to the lens pulses at all. Right after
along thez axis. Next, ar pulse causes the two componentsth_e last lens pulse has been applied and deflected, the mirror
to transition their internal states and thereby reflect their traill be moved out of the way, thus allowing the atomic
jectories. The component along the top arm is now in theVaves to hit the wafer surface.
original ground stat¢l) and proceeds to be exposed to the |, ANALYSIS OF THE INTERFEROMETER (0 2-7-7212)
lens system. The lenses of the lens system are pulses of light
that intercept the statd) component of the wave packet at A. Formalism
different times. By modulating their spatial intensity in the  As explained in the previous section, we consider the be-
x-y plane, these pulses of light are tailored to impart a parhavior of a single-atomic wave packet in our formulation of

B. Schematic
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4a. 1,(x,y) «< lens1

4b. ‘P1(xsy) o |1(x!y)

5a. 1y(x,y) « arccos[P(x,y)] + lens2 5b. 0,(x,y) < l5(x,y)

6a. Iy(x,y) « lens3 6b. 04(x,y) « L(xy)

2
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FIG. 1. A single-atomic wave packet is released from the atom t@pThe wave packet is split using &/2 pulse.(3) The split
components are reflected bymapulse.(4a) The spatial light modulatofSLM) modulates a light pulse such that it will act as the first lens
of the atom lens systenb) The light pulse intercepts the wave-packet component that is in|$}atad imparts a phase signatupg(x, y)
via the ac-Stark effect5a Now the SLM modulates a second light pulse such that it will impart both the phase information corresponding
to the arbitrary imagegarcco$P(x,y)]} and the phase information of the second lens of the lens sys&snThe second light pulse
intercepts the same wave-packet component as the first one and imparts the phase stgbat)re6a) The SLM modulates a third light
pulse, preparing it to act as the third lens of the lens systéh).The third light pulse intercepts the same wave-packet component as the
other two pulses and imparts a phagsgx,y). (7) Both wave-packet components are mixed along the two trajectoriesmiy gulse.(8)

A chemically treated wafer intercepts the stHfecomponent so that an interference pattern forms on the wafer proportional to 1
+codarcco$P(x,y)]}=1+P(x,y). Inset A: The imageP(x,y) that is to be transferred ultimately to the wafer. Inset B: The internal energy
states of the wave packet modeled as system. The light pulses used for the atom lenses have a much larger detuning for groud) state
than they do for ground stat&) so that they effectively only interact with the stat¢-component of the wave packet. Thé2 pulses and

the 7 pulse use light that is largely detuned for both ground states.

the problem. Also, in order to understand and simulate the Al Internally, the atom is modeled as a three-lexetystem
[6-12] properly, the atom must be modeled both internally[26—33 (as shown in Fig. 1, inset)Band is assumed to be
and externally. It is the internal evolution of the atom while initially in state |1):

in a laser field that allows for the splitting and redirecting of

the beam to occur in the Al. However, the internal evolution

is also dependent on the external state. Also, while the exter-

nal state of the atom accounts for most of the interference [Wi(1) = ca()|1) + c5(1)|2) + c5(1)]3), )
effects which result in the arbitrary pattern formation, the

internal state is responsible for some nuances here as well.

In following the coordinate system as shown in Fig. 1, We, here we considet;(0)=1, ¢,(0)=0, c5(0)=0. States|1)

write the initial external wave function as and |3) are metastable states, while st is an excited
state.
- |2 As will become evident later, in some cases it is more
252 1) expedient to express the atom’s wave functionkispace
[39]. To express our wave function, then, in terms of momen-
L tum, we first use Fourier theory to reexpress the external
wherer=xi+yj. wave function as

R 1
|We(F,t=0)) = —=ex
oNTT
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1 where E,g and Egg are vectors denoting the magnitude and

[Welxy,t) = o f f |<I>e(px,py,t)>|px>|py>dpxdpy, C) polarization of the fields traveling in the and -y directions,

_ _ respectivelyg is the position vector of the electron, agglis
where we let|p,)=€®/"* and |p,)=€®»"Y. The complete the electron charge. Refer to Appendix B for the complete
wave function is simply the outer product of the internal andgerivation of the wave function evolution in these fields.

external statefEqgs. (2) and(3)]: Only the results are presented here.
1 If the atom begins completely in staig, W(i',t)) then
[W(x,y,t)) = o f J [C1(px: Py, 1)[1, P Py) + Co Py, Py t) afterI a timeT of evolving in the above described fields, the
result is

X[2,p4Py) + C3(py. By, 1)I3, P Py 1dpdpy, (4)

whereC,(py, Py, t) =Cn(t)|Pe(py, Py, 1)). In position space, the
outer product gives

[P (F,1) = cy(D)]1,Pe(F,1) + C(1)[2, (1)

|w(r,it=T)) = co{ %T) |1,W(r,0))

— jgl(wp=0A)T+i(dg=dp) sin( QT) |3,\I’e(l?, 0)>e—i(kA+kB)y’
2

+C3(1)[3, We(F,1)). (5 (8)
where we have used the definitions given in Sec. Il A. We
B. State evolution in free space see that for ar pulse(T=7/(1), Eq. (8) becomes
The free-space evolution of a wave function is fully |\P(X,y,t:»ﬂ-/ﬂ)>:—iei(“’B_“’A)’T/Q+i(¢B_¢A)

derived in Appendix A. Presented here are simply the i(knrke)
results cast in our particular formalism. For the free- 3. We(xy,0pe ™Y, (9)
space HamiltonianH=[[S3_,[(p5+p)/2m+hw,]n,pe.by)  while for a /2 pulse[T=/(2Q)], Eq. (8) yields
X(n,py,p,|dpdp,, if the wave function is known at time

X

=0, then after a duration of tim& in free space, the wave [P (x,y,t=7/(2Q)))
function becomes 1 | ' 20
- = —|1,¥(x,y,0)) — ig'\ws oA {dg=dn
[W(F,t=T)) 2E
) 1 )
== f f [C1(py: P ,O)E"[(p§+p§)’2”ﬁ+‘°l]Tl1,px,p> X —=[3,We(x,y,0))e katka)y, (10
2 4 Y V2
+ Co(py, py,o)e—i[<p§+p§)/2mﬁ+wz]T|2,px, Py Similarly, if the atom begins completely in stdf V¢(r',1)),

(0202 2T the wave function after a tim& becomes
+ Ca(py, Py, 0)& PPy 2mi+aslTi3 b o N dpdpy,

(6a) [T (x,y,t=T)) = —iel(ea s TH(¢a~dp) sin(%T)
or . Q

(7t = T)) = e71o1Te, (0)|1,Wo(F,T)) + €712c,(0) X|1,W(x,y,0))e katke)y + co< ET>
2,W(F,T)) +e73Tcy(0)[3, We(F, T)).  (6b) X[3,W(x,y,0)), (12)
so that for ar pulse, Eq.(11) gives

[W(x,y,t = 7/Q)) = — ig!(@a-wp) THi(dp=dp)

X

C. State evolution in 7 and /2 pulse laser fields

The electromagnetic fields encountered by the atom at etk
points 2, 3, and 7 in Fig. 1 that act as thé2, 7, and /2 X[1,Wo(x,y,00) e, (12)
pulses are each formed by two lasers that are counterpropagnq for am/2 pulse, Eq(11) becomes
gating in they-z plane parallel to they axis. We use the
electric dipole approximation to write the Hamiltonian in 1

. W(x,y,t = m/(20))) = g (eaop m204i(dnde) —
these fields as [P (xy (2Q))) V2

3 2, .2 i(ka+kg)
pZ+ p X|1,W(x,y,0))e katkely
H=ff2 (—MXZm +ﬁwn)ln,px.py><n,px.pyldpxdn, |1 ©
n=1
B} + fa|3,\Pe(x,y,0)). (13
\!

_ eoé’ . %[ei(wAt—kA%(bA) + e_i(wAt_kAgH'(ﬁA)]

2
D. State evolution through the whole interferometer
—epd - @[ei(wsuksws) + gl (ogtrkai+ e @) To see the effects of phase explicitly, we make use of the
2 ' analysis that we have done for the state evolution of the
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wave packet. Take our initial wave pack®t) to have initial
conditions as discussed in Sec. Il A. At timeO the first
m/2 pulse equally split$¥) into two component$¥,) and
|W,) such that

|\I’a> =— iei(wB_wA)W/ZQ+i(¢Bl_¢Al)715|3,\I,e(xly, O))e_i(kA"'kB)y,
\
(148
1
|\Ifb> = E|1,\Ife(x,y, 0)), (14b)

where we used E(dB). After a timet=T, of free spac¢Eq.
(6b)] and then ar pulse, Eqs(8) and(11) yield

|\Ifa> = - ei(‘UA“HE;)7T/29+i(</>A2‘¢A1+</’Bl‘</>Bz)‘iwsToir
V2
><|1,\Ife(x,y—y0,T0)>, (153)

. . ‘ 1
|‘I’b> =— iel(wB_wA)W/Qﬂ(d)Bz_(ﬁAz)_lwlTOTE|3,\I,e(x,y,T0)>
N

x g1 (katkp)y (15b)

The |¥,) component becomes shifted in spaceygydue
to the momentum it gained in they+direction from them
pulse. Now another zone of free space for a tifg¢Eq. (7)]
followed by the final#/2 pulse[using Egs.(8) and (11)]
forms

W) =- g (0p=0p) m20+i(Ppo—¢par+ g1~ dg2)—i(@1+w3)To

1
X E|1,\Ife(x,y = Y0,2To))

+ j@l(Pro~dp1~ast PB1~ P2t dBa) i (017 03)To

1 .
By = Yo 2To)e MY, (169
| W) = — @(@Bmon m20i(dp2™ daadnzt dag)mi(wrr@3) To
1
X §|1-‘Pe(X,y = Y0,2To))
_ iei(wB—wA)ﬂ'/QH(¢BZ—¢A2)—i(w1+w3)To
1 :
XOIB. Wy - Yo 2To)e ey, (16h)

Now the |¥,) component is spatially aligned with the A _ bi
|, component. However, another split occurs because both” 'MmParting an arbitrary,

of these components are partially in internal st8e After

some further timeT, in free space, stat@) has drifted fur-

PHYSICAL REVIEW A 71, 043606(2005

|\1/l> =— 1-(ei(wB_wA)”lzn"'i(¢BZ_¢BS_¢A2+¢A3)
2

+ ei (a)A—wB) /20 +i (¢A2_‘/’Al+¢Bl_d’BZ))

X|1,We(X,y = Yo, 2To + Ty)ye@r*ealo - (17g

|W,) = i}(ei(¢A2_¢Al_¢A3+¢Bl_¢BZ+¢BS) — g (wg= o) T (dgo=dao))
2

X [3,We(X,Y = Yo = Y1, 2To + Ty))e ' katkaly-ilortusTo,
(17b)

These have populations

(W) = 51+ cosa)), (VW) =211~ coti],
1

where  ¢o=(7/Q)(wa=wg) = a1+ Pa1+2dn2— 2hg2— Pas

+ ¢g3. We see that the state populations are functions of the
phase differences of the laser fields. Since we can choose
these phase differences arbitrarily, we can populate the states
arbitrarily. If we choose the phases, for example, such that
¢ Is some multiple of zr, then the wave-packet population
will end up entirely in internal statgl).

IV. ARBITRARY IMAGE FORMATION

If, however, between ther pulse and the second/2
pulse we apply a spatially varying phase skift(r) to |¥',),
but keep¢, as a multiple of Zr, then the populations in Egs.
(20) become instead

(W) = 51+ cos ],

1

(W3l W5) = {1 - co e} (19

Therefore, if we leipp(r) =arccoP(r)], whereP(r) is an
arbitrary pattern normalized to 1, the stétepopulation will
be

1
(VW) = 5[1 +P(N)]. (20)

If the substrate at 8 in Fig. 1 intercepts just this state, the
population distribution will be in the form of the arbitrary
image. Over time, depositions on the substrate will follow

the population distribution, and thereby physically form the
image on the substrate.

spatially varying phase shift for
arbitrary image formation

We now review how to do such phase imprintirz#,25

ther in the 4 direction. The substrate can now intercept theto a single wave packet using the ac-Stark effect. First, con-
two internal states of the total wave function in separate losider the Schrddinger equatid8E) for the wave packet ex-

cations. We write the statéy and {3) wave functions as

pressed in position space:

043606-5



GANGAT et al. PHYSICAL REVIEW A 71, 043606(2005

W)y -4 i R interference or even eliminating interference at 8 all together.
e = om [W(F,0) +VIOIP(F). (21 Our lens system, then, must accomplish two objectives
simultaneously(1) allow for an expansion and focusing of
If we consider a very short interaction tirrawith the poten-  the wave packet to occur ari@) have the wave packet prop-

tial V(r), we find erly aligned and undistorted when it reaches 8. To do this, we
. employ techniques similar to those developed in classical

ihﬁ|‘1’(r,t+ ) _ VAN L+ 1) (204  Fourier optics[3]. First we develop a diffraction theory for

at ’ the two-dimensional2D) quantum-mechanical wave packet;

then we use the theory to set up a lens system that performs
O [W(F,t+ D) = |[W(F,1))ye (VO (22p)  Spatial Fourier transforms on the wave packet in order to
achieve the two above stated objectives.
Thus, we see that an arbitrary phase skif(r) is im-

parted on the wave packet in position space by choosing C. Development of the quantum-mechanical wave-function
V(F)= (k1 7) ¢p(F). Although this would give the negative of diffraction theory
the desired phase, it makes no difference because it is the Consider the 2D SE in freespace
cosine of the phase that gives the interference pattern. JWEY) —#2( P P
In order to create the arbitrary potential needed to impart ih—— = —<— + —
the arbitrary phase shift, we use the ac-Stark efféight it 2m\ o ay?
shift). As illustrated in Fig. 1 at 4b, 5b, and 6b, the atom will
be in the internal statdl). If exposed to a detuned laser field
that only excites thél)— |2) transition, the eigenstates be-

>|\P(F,t)>. (29

By inspection, we see that it is linear and shift independent.
If we can then find the impulse response of this “system” and
convolve it with an arbitrary input, we can get an exact ana-
%/tical expression for the output. To proceed, we first try to
find the transfer function of the system.

Using the method of separation of variables, it is readily
shown that all solutions of the systefthe 2D SE in free

the intensity of the laser field. A spatially varying intensity
will yield a spatially varying potential energy. Specifically, in
the limit thatg/ §— 0, whereg is proportional to the square

root of the laser intensity and is the detuning, it is found 508 can be expressed as linear superpositions of the fol-
that the energy of the ground state is approxmatelyiowing function:

hg?l(46). To impart the pattern phase, then, we subject the ' ;
atomic wave packet at 4b, 5b, and 6b in Fig. 1 to a laser field W(F,t) = AdKT-(v2mlk?] (25)

that has an intensity variation in they plane such that ) NN
where A is some constant anki=k,i+k,j can take on any

04(r) = (48/7) $p(F) = (48] )arcco$P ()], (23)  values. Now let us take some arbitrary input to our system at

where P(7) is the arbitrary pattern normalized to 1 ands time t=0 and express it in terms of its Fourier components:

the interaction time. W, (7)) = zi f |y, (K))eF Ik, (26)
aw
B. The need for a lens system We can then evolve each Fourier component for a fime
The need for a lens system for the atomic wave packeby using Eq.(25) to get the output
arises due to two separate considerations. First, there is a 1 A A
need for expanding and focusing the wave packet in order to WM =— J |cpin(lz))ei[k-f-(ﬁ/Zm)\k\zT]d|2
shrink down the phase pattern imparted at 5b in Fig. 1. We 2m

have shown above how the phase pattern is imparted using 1 o o

an intensity variation on an impinging light pulse. However, = f (| i (K)ye™ 2T gk

due to the diffraction limit of light, the scale limit of this &

variation will be on the order of 100 nm. This will cause the 1 R

interference at 8 to occur on that scale. To reach a smaller = Z_rf |Douik))e™ dk. (27)

scale, we require a lens system that allows expansion and
focusing of the wave packet to occur in the transverse planét follows that
Using such a system, we could, for example, expand the " . o2
waveEJ packet by)':wo orders of magnitude prigr to Sk?, impart [Poutk)) = |Pin(k))e HEmIET, (28)
the phase pattern at 5b, and then focus it back to its original Qur transfer function, then, for a free-space system of
size by the time it reaches 8. The interference would therime durationT is
occur on the scale of 1 nm. . _ Ly

The second consideration that must be made is that an H(K) = e (/2mIT (29
arbitrary phase shifts(x,y) introduced at Sb, if it has any  after taking the inverse Fourier transform, we find the
variation at all in the transverse plane, will cause the WaVemnyise response to be
packet traveling along that arm of the Al to alter its momen-
tum state. Any free-space evolution after this point will make h(F) = —i (ﬂ)ei(m/zﬂ)mz (30)
the wave packet distort or go off trajectrory, causing a noisy '
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Finally, convolving this with some input to the system at T,/ Tg. Since bothT, and Tz can be chosen arbitrarily, we
timet=0, |¥;,(), gives the output at time=T, |[¥,.(F)), to  can, in principle, scale down the pattern phase by orders of

be magnitude. If, for example, the pattern phase is first imparted
on a scale of~100 nm, we can choosE,/Tg to be 100 so

v t(r”)>:—i<im>ei<m’2“>ﬂzf v, (7)) that at the output of our lens system, it is on a scale of

ou 27hT n ~1 nm. By scaling down the pattern phase, we can scale

down the interference pattern at point 8 in Fig. 1.
Within the context of the interferometer, our lens system
This expression is analogous to tReesnel diffraction IS placed at 4b, 5b, and 7 in Fig. 1. Now, since the system
integral from classical optics. provides us with the desired output immediately in time after
the final leng[lens 3b in Fig. 2a)], this final lens, the final
_ 7/ 2 pulse, and the substrate 6 all need to be adjacent. If they
D. Fourier transform lens scheme are not, the wave packet will undergo extra free-space evo-
Consider now the following. lution and may distort. However, such a geometry is difficult
(1) Take as input some wave functif¥r(r)), and use the to achieve experimentally so we propose a modification to
light shift to apply a “lens”(in much the same way as we the lens systeniFig. 2(b)]. Specifically, we can move the

show above how to apply the arbitrary pattern phaseh lens 3b in Fig. 2a) to occur immediately before lens 2a, as
that it becomes long as we rescale it to account for the different wave-packet

size at that location. We call the rescaled version 8thich
W ()i M2 T, is the same as 3b except for the param@&}ein place ofTg.
We can then place the substrate at 8 in Figy 2o be where
the lens 3b previously was; that is, a tifigaway from lens
3a. The finaklr/2 pulse can occur anywhere between lens 3a
{1 m P— D 4 and the substrate, as .Io.ng as it is far enough away from the
- I(Zrﬁ>e f [P (r))e dr substrate to allow sufficient time for the staB-component
to separate from the staf&- component. To avoid disturbing
(3) Now use the light shift again to create another “lens”the requisite symmetry of the Al, we accomplish this by
where the phase shift g [(m2iDI*~712] 55 that we are left choosingTg to be sufficiently large while leaving the final

Xei(m/2ﬁ,T)\F’\Ze—i(m/ﬁT)F-F’d':’r_ (31)

(2) Pass it through the free-space system for a tifne
using the above derived integral to get

with /2 pulse itself in its original location. This geometry will
allow the substrate to intercept the stdte€component ex-
1lm (7)) TR g clusively and at precisely the right moment such that it does
2mhT : not undergo too little or too much free-space evolution with-

o ) _out having any of the finadr/2 pulse, final lens, or substrate
We see that this is simply a scaled version of the_ Fouriegdjacent. Finally, we can simplify the lens system’s imple-
transform(FT) of the input. This lens system, then, is such mentation if we combine the lenses that are adjacent. Lenses

that 1b, 2a, 3B, and ¢p(F) can be combined into lens; lenses
1 m m 2b and 3a can be combined into leRsExplicitly, lensa has
[P ou(F) = (Zrﬁ_'l') ‘ ¢in(ﬁf) , (32)  phase shift
. 3m
where|®;,) is the FT of|W¥;,). ¢, () = - ( >|F|2 (3] (33)
2K,
E. Using the FT lens scheme to create a distortion-free and lensB has phase shift

expansion and focusing system for applying the pattern phase

In order to achieve our desired goals of doing expansion Pp(r) = - (% + 2;_:_ )IFI2+ g (34
and focusing and preventing distortion, we propose the sys- A B
tem illustrated in Fig. @). We first input our Gaussian wave  Figure Zc) shows the implementation of the lens system
packet into a FT scheme with a characteristic time parameteagithin the context of the whole Al.
T=Ta. We will then get the Fourier transform of the input A cause for concern may arise in the fact that with the
(also a Gaussianscaled bym/(AT,). Then, we give the |ens system in place, the part of the wave packet that travels
wave packet a phase shift that corresponds to the desireflong the arm without the lens will be interfering not with a
interference patterripattern phaseand put it through an- phase-modified version of itself, but with a phase-modified
other FT scheme with the same time param@&jeiThe wave  Fourier transform of itself. That is, the output of the lens
function is now the convolution of the original input with the system is a phase-modified Fourier transform of its input. As
pattern phase. Finally, a third FT scheme is used With such, the effective width of the wave packet coming from the
=Tg so that the output is the same as the wave function jusdens system may be significantly larger than the effective
before the second FT scheme, but is now reflected about thgidth of that coming from the arm without lenses, thus caus-
origin and scaled byn/(2Tg) instead ofm/(AT,). The pat- ing a truncation of the pattern formation around the edges.
tern phase, therefore, has been scaled down by a factor @his problem is addressed by selectifigsuch that the wave

043606-7



GANGAT et al. PHYSICAL REVIEW A 71, 043606(2005

¥ (7) @ 7 le )
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la 1b 2a 2b 3a 3b
(A)
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¥ (7)
la 1b 3b’° 2a 2b 3a
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>
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(D( m ?Je_ih(_ﬁfj
AT,
> t
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FIG. 2. (A) The lens system. Each lens is actually a pulse of light with a transverse intensity modulation. Between lenses 1a and 1b and
2a and 2b are free-space regions of time durafignwhile between lenses 3a and 3b there is a free-space region of dufgtibanses 1a
and 2a give the wave function a phagg,= ¢,,=—(m/24T,)|r]?, lenses 1b and 2b impart a phagg,= ¢o,=—(mM/24T,)|F|2+7/2, lens 3a
gives a phases,=—(m/2:Tg)|f]2, and lens 3b gives a phagg,=—(m/24Tg)|F|>+ 7/2. (B) The lens system frortA) rearranged. The input
and output are still the same, but the output is no longer immediately preceded by a lens. Lens 3b is the same as lerid Bbxitept
for T, in place of Tg so that it gives a phase shift @y, =—(m/24T,)|f]>+7/2. (C) The modified lens system in context. Lengeand 8
are composites of the lenses from the systertByf Between lenses 1a anrdis a free-space region of time lendihi, as well as between
lensesa and 3. Between leng3 and the substrate is a free-space region of time durdiiovalues of¢,(F) and ¢4(r) are as in Eqs(33)
and (34), respectively.
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packet from the lens system is scaled to have an effective 87Rb Dl-line
width equivalent to or smaller than the wave packet from the

other arm. Also, because of the Fourier transform, the wave

packet coming from the lens system, even without an added 680 MHz E
pattern phase, may have a different phase signature from the

wave packet coming from the other arm. Regarding this is-

sue, our numerical experiments show that after free-space
propagation for a time on the order of the time scale deter-

mined as practicalee Sec. Y, the phase difference between

the original wave packet and its Fourier transform is very

small over the span of the effective width of the wave packet. ¢ qp; :[: 2 -1k 0 1 2
Thus, the effect of this phase noise on the interference pat- \

tern is negligible. [3)
V. SOME PRACTICAL CONSIDERATIONS FIG. 3. The poposed transition scheme. We consid&; &F
_ =1,m=1)=1), 5°P,,(F'=2,m=0)=[2), and 5S ,(F=2,
A. Wave-packet behavior m=-1)=|1), where the quantization axis corresponds to fthui-

rection in Fig. 1.0 -polarized light excites thél)« |2) transition
and o*-polarized light excites thé2)«|3) transition. Both lasers
are detuned by 680 MHz. For the/2, m, and /2 pulses, the

. ’ . . Bbove mentioned two transitions are simultaneously excited. For the
scale limit of the intensity variation that creates the patterr]ight-Shift-baSEd lens system, as shown in the picture, a different

phase when it is first applied is10" m. The lens system transition from the statél) to the sublevel P, (F'=2,m=1) is
then further reduces the scale of the pattern phase by a fact@geq, andn-polarized light is applied. Since this field is highly
of Ta/Te. To achieve lithography features on the scale Ofgetuned from th&=2 F’=2 transitions, the light shift fol8) can
~1 nm, this ratio needs to be100. However, we must also pe neglected.
take into consideration the extent of the entire intensity
va_lriation. In other words, referring to Fig(Q, the effective final /2 pulse and the substrate is on the ordefgF we
width of the wave packet at lens must be large enough to needy X Ta= o1 +(Tal 1)
; ; ; B= Uin\ B/ 7)-

accommodate the entire pattern on the light pulse bearing the To summarize. our restrictions are
phase pattern information. We assume that this dimension '
will be on the order of a millimeter. We know that the wave
packet at lensy is a scaled Fourier transform of the wave
packet immediately before lens 1a, so that its effective Widtr}md
at lensa is T4/ may,. This must be on the order of 10m.
Also, another way in which the time parameters are restricted AT o T
is by the total amount of time that the atom spends in the Al. A2103%m, —Tg=o,\/1+ <_B)

Now, as shown earlier, it is the statB-component in our Main m Main
scheme that will form the_ desired int_erference pattern. The After using some simple algebra, we find that the first
substrate must therefore intercept this component exclusivg,.ae restrictions are satisfied
of the statg3) component. Fortunately, the sta8-compo-
nent will havg an additional velocity in th_edirection dge to 0,<10°m, ~ o /Ta=<10°m/sTg=<107T,.
photon recoil so that the two states will separate if given
enough time. Also recall that each wave-packet state after the We can, for example, choose,=10°m, T,~10s,Tg
final /2 pulse is composed of two elements, one that went-10* s. A simple check shows that these choices also sat-
through the lens system and one that did not, such that thisfy the fourth restriction.
elements that traveled along the arm without the lens system Finally, since our proposed lithography scheme involves
will have larger effective widthgsince the output of the lens the use of a single atom at a time, it entails the drawback of
system is smaller than its ingufThe two states will be suf- being very slow. To make this type of lithography truly prac-
ficiently separated, then, when the stieeomponent has tical, a Bose-Einstein condensg#e5] would have to be used
traveled far enough in they+direction after the finaklw/2  instead of a single-atomic wave packet.
pulse such that there is no overlap of the larger effective
widths. Since we know that photon recoil gives the state-
component an additional momentum dfk2in the +y direc-
tion, we havemw =2#k. Also, it can be shown that the effec-
tive width of a wave packet after passing through free space For practical implementation of our three-level atom, we
for a time T is oy1+(T/7), where 7=mo/# and o is the  use theD1 transitions irf’Rb [40]. Figure 3 illustrates. One
original effective width. Therefore, for sufficient spatial of the restrictions is that, in order to be able to neglect spon-
separation of the statdassuming that the time between the taneous emission, we need for each single transition

The behavior of the wave packet primarily has implica-
tions for the time and wave-packet effective width param-

To=<10s, Tg=107T,,

if we apply the following

B. Proposed®’Ru levels and transitions for the nanolithography
scheme
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g0 \? large enough such that the two states gain enough of a trans-

D) xI'xr<1 35 :

S T ' (35 verse separation. If, as by example above, we chdose

~ 10 s, then the separation between the two states will be on

whereg is the Rabi frequencys is the detuning]’ is the  the order of a centimeter and there will be virtually no over-
decay rate, and- is the interaction time. Both the Raman lap between the two components of the wave packet in the
pulse scheme and the light shift scheme also require separate arms. The light pulse could then simply intercept
only state|3). If, however, the situation is such that the states

9o =< 0. (36) are overlapping, then staf#) will also experience the light
We have the following relation: shift, but it will be about a factor of ten less because of the
| detuning being approximately ten times larger for it than for
0 ™ (%) 2. 37y the state3) transition.
sat

If we assumelg,=3 mW/cnt, | =2 mW/mn?, and I’ V1. NUMERICAL EXPERIMENTS

=3.33x 10" s, we find thatgp max~8.6X 10° Hz. The numerical implementation of our lithography scheme
We choose the relevant Ramantransition levels to be  was done by distributing the wave packets across finite
|1)=5°S,(F=1,m=1), [2)=5°P,(F=2,m=0), and meshes and then evolving them according to the Schrodinger
5°S,,(F=2,m=-1)=13), with the quantization axis being equation. This evolution was done in both position and mo-
in the § direction of Fig. 1. The energy difference betweenmentum space according to expediency. To go between the
the levels|1) and [2) is 6.8 GHz. The[1)—|2) and [2)  two domains, we used two-dimensional Fourier transform
—|3) transitions are performed by simultaneously applyingand inverse Fourier transform algorithms.
o~- ando*-polarized fields. The two ground staté$ and|3) The initial wave packet was taken in momentum space
have equal and oppositgfactors, so that they will experi- and completely in internal stat@). Specifically, the wave
ence the same force for a given magnetic field gradient usegacket was given by the Fourier transform of Ed:
for slowing them. For the ac-Stark shift, we apply _
m-polarized light that coupled) to the F’=2,m=1 excited S o - |k[>o®
state. Because this field is highly detuned from tRe [Pe(kit=0)) = \_77 ex 2 : (4D
=2+ F’=2 transition, the corresponding light shift of level
I3) can be neglected. The evolution of the wave packets in the and /2
In order to satisfy the constraint that the Rabi frequencypulses was done in momentum space in order to be able to
be much less than the detuning, we chogse68 MHz. This  account for the different detunings that result for each mo-
is well below the maximum limit calculated above. mentum component due to the Doppler shift. Specifically, we
As far as the interaction time for the/2 and 7 pulse  numerically solved Eq(B15) for the different components of

scheme, it is the Raman Rabi frequency that is of interest: the k-space wave packet mesh, then applied the inverse of
the transformation matrix given by E@B9) to go to the

0= g_g. (38) original basis.

26 Outside of the lens system, the free-space evolution of the
wave packets was also done in momentum space. This was
achieved easily by using Eg6A4). Within the lens system,
however, it was more computationally efficient to use Eq.

23 XI'xr<1 (31) for the free-space evolution because of the need to apply
the lenses in position space. The results of using (Bg)
s were initially cross-checked with the results of using Egs.
00Qr< —. (39 (A4) and were found to agree.
2r Figure 4a) is a targetedarbitrary pattern. Figures @)
Plugging in the chosen value férand the typical value of anq 4c) demonstrate the formation of the arbitrary pattern
33.33 MHz forT’, we find thatQ < 10.2. We can satisfy this Y interference of the stai@) wave packets at the output of
restraint by choosin€ 7= for the 7 pulse and half as much the mterferom_eter. Both figures were thg result of applying
for the w/2 pulse, giving a pulse duration of=/Q th_e same arbltrgry pattern phase, but Fifh) Avas fo_rmed
~924 ns for ar pulse andr~462 ns for am/2 pulse. without any shrinking |mplemente(i_.e._, TA:TE.‘)' Figure
For the light shift we use the samepolarized excitation 4(c), however, demonstrates the shrinking ability of the lens

of state|1>—>52P1,2(F’:2,m: 1) as shown in Fig. 3. The system by yielding a version of Fig(l#) that is scaled by a
time constraint in this case is factor of AT,/ Tz=2). The length scales are in arbitrary units

) due to the use of naturalized units for the sake of computa-
ional viability.
3_057: o (40) tional viability

Using this in Eq.(36), we get

L . . . VII. SUGGESTIONS FOR EXTENSION TO BEC
This gives an interaction time of= 3.7 us. Ideally, the

light shift pulse will only interact with the wave packet in ~ As mentioned above, in order to make the lithography
state|1). This may actually be possible if we chooEgto be ~ scheme truly practical, a Bose-Einstein condensate is re-
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ship between the scattering length and the applied magnetic
field B when near a Feshbach resonance can be written as

a=ab<l-—), (43)
9 B- Bpeak

where a, is the background scattering length,e, is the
(a) resonance position, and=B,¢;Bpeax Setting B=B,¢,o

would therefore set the scattering length to zero and elimi-
nate the nonlinear term in the GPE. While the atom-atom
interaction may not be completely eliminated in reality due
to the fluctuation in density that we wish to effect through
the lens system, it is worth investigating if it could be made
to be negligible over an acceptable range. We could then use
our previously developed lens system to perform the imaging
and thereby interfere a large number of atoms simulta-
neously. Alternatively, one must redevelop the design of the
lenses and the imaging optics as applied to the equation of
motion for a BEC[Eq. (42)] for a nonzero value of,. This
effort is in progress.
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APPENDIX A: STATE EVOLUTION IN FREE SPACE

In free space, the Hamiltonian can be expressed in the
momentum domain as

3 p2+p2
HszE(—YXZm +ﬁwn)In.px,py><n,px,py|dpxdn,,
n=1

FIG. 4. (a) A targeted arbitrary(e.g., a tic-tac-toe board here
image.(b) The arbitrary image is now formed with the lens system (A1)
in place, but without any scaling. We see that it is a more Comple)Wherew

n

pattern than just a simple periodic structure such as sinusoidal; . :
fringes.(c) The same image as ib) is formed with the lens system aéf internal S_tatdm' For a s_lnglg momentum compong{pt(_
=Py andpy=pyo), the Hamiltonian for the total evolution in

still in place, but a scaling factor of 2 has been used to shrink the L
pattern. momentum space is given by

is the frequency corresponding to the eigenenergy

Pio+ p¥20 tho. O 0

quired in place of the single atom. Indeed, the self- m “1
interference of a BEC has already been demonstrated 2 L2
[41,42. The difficulty in using the BEC for controlled imag- H=]|0 Po* Pyo +hw, O
ing, however, arises from the nonlinear term in the Gross- 2m
Pitaevskii equationfGPE). Our lens system, for example, 2 +p2
would not be valid as it was developed from the linear SE. 0 0 %LO +hwg

One approach to getting around this problem is to try to L .
eliminate the nonlinear term in the GPE. Specifically, the (A2)

GPE for the BEC takes the form Using this in the SE, we get the equations of the ampli-
2 tude evolution in momentum space:
O O Gl 2
If'LE = %V +V+Uy| V2|, (42 ] i
C1(Pyo: Pyort) = = %(

2 2
Pxo * Py
XOZm 0+ ﬁwl) C1(Pyo: Pyort),
where the nonlinear term coefficient i =4n#%a/m anda

is the scattering length for the atom. It has been demon- i (p2+p?
strated fo?’Rb that the scattering length can be tuned overa  Cy(p,pyo.t) = - E(%@ + ﬁwz) Ca(Pyo: Pyor 1),
broad range by exposing the BEC to magnetic fields of vary- m

ing strength near Feshbach resonanid&s44]. The relation- (A3)
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) i [ p?
Ca(Pxo: Pyort) == (

2
Pt P
P %LO + ﬁws) Cs(Pyo: Pyost)-
These yield the solutions

Cl( Pxo» pyOvt) = Cl( Pxor py01 0)e—i[(p§0+p50)/2mh+wl]t’
Ca(Pyos Pyos t) = Co(Pros Pyos 0)eFotPro/2mitazlt  (A)

. 2 2
CalPyo: Pyort) = CalPyo Pyo, 00 L Pho*Pio)/2mireslt,

We see that if the wave function is known at tire0,
then after a duration of timé& in free space, the wave func-
tion becomes

[W(F,t=T)
1 (0242 o
fo[cl(va py!O)e I[(px py)lzmh l]T|1le1 py>

2.2
+ Co(Px, Py, 0) € LPHPY/2MiTlT| 2 6 5 )

. 2, 2
+ Ca(px, Py, 0) € LPHPY2Mi*as]T| 3 . 1 Ndp,dpy .
(A5)

We can also write it as
[W(F,t=T))=e"“1Tc)(0)|1,W(F, T)) + 7“2 cy(0)
X[2,W(F,T)) +€3Tc5(0)[3,We(F, T)).
(A6)

APPENDIX B: STATE EVOLUTION IN 7 AND #/2 PULSE
LASER FIELDS

The electromagnetic fields encountered by the atom at

points 2, 3, and 7 in Fig. 1 that act as threand 77/2 pulses
are each formed by two lasers that are counterpropagating
they-z plane parallel to thg axis. We will refer to the laser

propagating in the ydirection aséA, and the one propagat-
ing in the -y direction asEg. In deriving the equations of

motion under this excitation, we make the following assump-

tions: (1) the laser fields can be treated semiclassidalb),
(2) the intensity profiles of the laser fields forming theand

/2 pulses remain constant over the extent of the atomic

wave packet (3) the wavelengths of the lasers are signifi-

cantly larger than the separation distance between thehere we

nucleus and electron of the atort®) I§A excites only the
|1><—>|2> transition andEg only the |3) <= |2) transition, (5)

EA and EB are_ far detuned from the transitions that they

excite, and(6) EA and EB are of the same intensity.
Using assumptioné&l) and(2), we write the laser fields as
En = Epo COS wt — Ka¥ + b)
— @[ei(wAt—kAfﬁq/)A) +a
2

i(wAt—kA§/+¢A)] (B 1)

and
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IgB = EBO cogwgt + Ky + o)

EBO[e|<wBt+kBy+¢B) + g i(wgt+kel+ dp)] (B2)

where EAO and Eg, are vectors denoting the magnitude and
polarization of their respective fields. Keeping in mind that
our wave function is expressed in the momentum domain,
we take position as an operator.

The Hamiltonian here is expressed as the sum of two
parts:H=Hy+H;. The first part corresponds to the noninter-
action energy:

Ho-ffE (px—“ﬁwn)In Py PyXN, P, Pyld APy

(B3)

The second part accounts for the interaction energy, for
which we use assumptiof8) from above to make the elec-
tric dipole approximation and get

-

EAO[e(a)At K+ 8a) 4 gri(oat-kaF+ 8]

_eos 2

- éBO
€ >

[ei(a)Bt+kB§/+¢>B) + e—i(wBt+kB§/+¢>B)] (B4)

wheree¢ is the position vector of the electron, asglis the
electron charge. Now, seeing that expressions of the form

(n|§-éA0|n) and<n|5-I§BO|n> are zero, and using assumption
(4), we can express E@B4) as

h
:J f [%A(“.,px, py><21pxa py| +

X[ (@t Ka§tbp) 4 @it kAy+¢A)] +

PY{(L,Px Py|)

in
|3 Py Py)
X(2,Py Pyl + |2, P Py)(3, Py Py [ €8t HHe5 d0)

+ e—i(wBt+kB§/+¢B)]:| dpdpy, (B5)

let ga=(1]é-En2)=(2/5-Enoll) and gg

:<3|§-I§BO|2>:<2|§-I§BO|3>. Finally, we can use the identities
[39]

dv=3 ff|n’pX’py><n,pX,py—ﬁk|dpxdpy, (B6a)

cig=S f f [N, P Py){N, P Py + K/ dp,dpy, (BBD)

and the rotating wave approximatip#5] in Eq. (B5) to give
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Hl:ff[ﬁ%l'\ei(w;\“(/m)

+ ﬁ%/_\e‘i(wAH(ﬁA”z,px:py + ﬁkA><1,px,py| + ﬁ_gBei(wBHqu)

1vva py><2!va py + ﬁkA|

h .
X[3,,py + fika + fike)(2, Py Py + fika| + %e—«wsw

X|2,P0 Dy + Fka)(3, P Py + fiks + fiks| [dpdp,.  (B7)
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state|1,px0,pyo) and absorbs a photon from fielﬂ, it will
transition to internal statf) because it has become excited,
but it will also gain the momentum of the phot6bk,) trav-
eling in the 4y direction. It will therefore end up in state
12,Ps0> Pyo+7ika). Now the atom is able to interact with field

Eg, which can cause stimulated emission of a photon with
momentunvikg in the -y direction. If such a photon is emit-
ted, the atom itself will gain an equal momentum in the
opposite direction, bringing it into external stal@o,pyo
+fika+#ikg). The atom will also make an internal transition

We note that the full interaction between the internalto State|3) because of the deexcitation. The total state will
stateg 1), |2), and|3) occurs across groups of three different now be [3,p,0,py0t7kat+#kg). We thereby see that our

momentum componentsp,, p,), [Px, Py+7ka), and [py,py

+fikp+#ikg). This can be understood physically in terms of

mathematics is corroborated by physical intuition.
Getting back to the Hamiltonian, we look at the general

photon absorption and emission and conservation of momergase of one momentum grouping so that we get in matrix

tum. Keeping in mind assumptio@), if an atom begins in

form H=Hy+H; from Egs.(B3) and (B7):

2 2
px_+p¥ + hwl %ei(‘”At""ﬁA) 0
2m 2
2 2
b= | P9agrionran Pt By TAK)” w0y 9B ciortrde) (B89)
2 2m
2 2
0 08 (wgt+de) Pt (py* kst fike)”
2 2m
In order to remove the time dependence we apply some transforn@ti8a] of the form
dtdn 0 0
Q=|0 glftd2) 0 : (B9)
0 0 gt da)
so that the SE becomes
W) -
ii— = H|P), (B10)
ot
where|W)=Q[¥) and H=QHQ 1+i#(3Q/)Q L. The matrix representation is
Pet p; fi9a |
X i, —h6, —2A di(wpt 0= 0+ (dpt+ $1= o) 0
2m 2
~ _ . 2+ (py+ 2 . .
H= %gAe_l(‘”A+01_02)t_|(‘/’A+¢1_¢2) % +Hhwy 16, %eﬂ(‘”B+03_02)t_|(¢8+¢3_¢2) (B11)
2 2
0 A8 gogros-itgroray Pt Byt ikatike)” L
2 2m

Choosingf;=-wp, 6,=0, 63=—wg, $1=—da, $»=0, and¢ps=-¢g, Eqg. (B11) becomes
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g
E1(px py) + g + hwp 7A 0
~ | f h
A= 2 Ealpupy) + iy 2 , (B12)
hg
0 78 Es(pw py) + hwg + fiwg
[
where we have taken (6) gives usga=gg=9go. Equations(B15) then simplify to
2, .2 : 2
Px*+ P = .90
El(px1 py) = x2—m¥’ (8133) Cl(pXOv pyOat) == |4_Z,Cl(px01 pyOat)
%5~
24 (b + Bka)2 —-i—=C ,Pyvo + ika + 7ikg, t),
E,(ps py) _ Py (szm a) , (B13b) 48 3(Pxo Pyo A g t)
(B16a
2 2
Py + (py + fika + 7ikg) ) 5
Es(py py) = . B13c ~ O~
(PoPy) 2m ( ‘ Cs(Pyo, Pyo + fika + ik, t) = — I4—;C1(pxo, Pyort)
In order to further simplify the analysis, we set the zero P
energy atEl(pxo, Pyo) +fiw; +hw, for some gpeciﬁc momen- - i%Ca,(pxo, Pyo + fika + fikg, 1),
tum group withp,=p,o and py=p,o. Also, sincew, and wg 46
can be chosen independently, we canHgtp,o,p,o) +%iws (B16b)
+hwg=E1(Pyo, Pyo) +hw +hwa. With the energies thus set,
where we have chosen to neglect st@efrom here on due
Eq. (B12) becomes . X o
o . to the adiabatic approximation. We can now use another
0 iga 0 transformation on this system to make it more tractable. Let
2 = ~ 2
. . Ci(Pxo:Pyort) = Ca(Pyos Py, )@, (B17a)
Fi= %’* -5 % , (Bl4) 3 y
Cs(Pxo, Pyo + fika + fikg, 1) = C3(Pyo, Pyo + fika + fikg, t) €l (@49,
0o 1%, (B17b)
2

L - The system in EqgB16) then becomes
whereé=[Ey(pyo, Pyo) + i1 +fiwa]l =[Ex(Pyo, Pyo) +fiwo]. Us-

: 2
. . . . . . ~ i g ~
ing this Hamiltonian in Eq(B10), we get the equations of Ci(PorPyort) = _|4_05C3(px0-py0+hkA"'ﬁkBit):

motion as
. . (B183)
C1(Pyo: Py t) = = |EC2(px01 Pyo +7ikat), (B153)
. 2
= . g =
_ Cs(Pyo, Pyo + fika + ik, t) = — |4_(;Cl(px01 Pyot).
~ . g ~ L~
CZ(pXO- pyO + ﬁkA-t) =" |EAC1(pra pyO-t) + |br:2(px0- pyO (Ble)
O~ Solving this and reversing the transformations of Egs.
+7ika,t) = |EC3(pr1 Pyo + fika (B17) and(B9), we arrive at
Q
+1ikg, 1), (B15b) C1(Pxo: Pyo:t) = C1(Pyo, Pyos O)CO< Et>
= 9B~ . 4
C3(Pyo: Pyo + fika + fikg,t) = —i EBcz(pxo- Py + fika,t). - ie'(“‘A‘Q/Z)”'#’A{ C3(Pyor Pyo * 7ika
(B150

) . Q
—i(wg—Q2)t-idg cjn| 22
Assumption(5) allows us to make the adiabatic approxi- + kg 0)e e Bsm( 2t>]’

mation so that we can séz(pxo,pyo,t)zo, and assumption (B193g
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C3(Pyo: Pyo + fika + kg, 1) tum group wherepxszo and p,=pyo. This was the case
_ i i(og-QU)tHide where both laser fields were equally far detuned. Other mo-
--1€ mentum groups will have slightly different solutions due to
(a2t Q the Doppler shift, which causes the detunings to be per-
X| Ci(Pyo, Pyo, 0™ A Asin Et turbed. For a more accurate description, we need to numeri-
0 cally solve each momentum group’s original three equations
of motion without making any approximations. This is what
* CalPoPyo+ hkA+ﬁkB,0)cos<—t), (B19b) we do in our computational model. For a basic phenomeno-
logical understanding of the interferometer, however, it is
where we letQ=g3/24. It should be noted, however, that sufficient to assume that the above analytical solution is ac-
these solutions were arrived at only for the specific momeneurate for all momentum components.
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