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We investigate the behavior of an ensemble of N non-interacting, identical atoms, excited by a
laser with a wavelength of A. In general, the i-th atom sees a Rabi frequency 2;, an initial position
dependent laser phase ¢;, and a motion induced Doppler shift of §;. When Q; = Q and §; = §
for all atoms, the system evolves into a superposition of (N + 1) generalized symmetric collective
states, independent of the values of ¢;. If ¢, = ¢ for all atoms, these states simplify to the well
known Dicke collective states. When Q; or §; is distinct for each atom, the system evolves into
a superposition of symmetric as well as asymmetric collective states. For a large value of N |,
the number of asymmetric states (2 — (N 4 1)) is far greater than that of the symmetric states.
For a collective state atomic interferometer (CSAI) and a collective state atomic clock (CSAC)
we recently proposed, it is important to understand the behavior of all the collective states under
various conditions. In this paper, we show how to formulate the properties of all the collective
states under various non-idealities, and use this formulation to understand the dynamics thereof.
Specifically, for the case where Q; = Q and 6; = ¢ for all atoms, we show how the amplitudes
of each of the generalized collective states can be determined explicitly in a simple manner. For
the case where €; or d; is distinct for each atom, we show how the symmetric and asymmetric
collective states can be treated on the same footing. Furthermore, we show that the collective states
corresponding to the absorption of a given number of photons can be visualized as an abstract,
multi-dimensional rotation in the Hilbert space spanned by the ordered product states of individual
atoms. We also consider the effect of treating the center of mass degree of freedom of the atoms
quantum mechanically on the description of the collective states. In particular, we show that it
is indeed possible to construct a generalized collective state, as needed for the CSAI, when each
atom is assumed to be in a localized wave packet. The analysis presented in this paper is crucial
to understanding the dynamics of both the CSAI and the CSAC, which in turn represent radically
new developments in the area of opto-atomic metrology, with significant improvement in precision
over the state of the art. Furthermore, it opens up new avenues for exploring reduction of quantum

projection noise via spin squeezing.

PACS numbers: 03.75.Dg, 37.25.4+k

I. INTRODUCTION

Atom interferometry is emerging as a very im-
portant avenue of precision metrology. It has been
used as a gyroscope [1-3] as well as an accelerom-
eter [4, 5]. It has also been used for accurate mea-
surements of gravity [6, 7], gradients in gravity [8], as
well as gravitational red-shift [9]. Other applications
include measurement of fine structure constants with
high precision [10, 11], as well as the realization of
a matter-wave clock [12]. The rotation sensitivity of
an atom interferometric gyroscope (AIG) is due to
the phase difference between two paths arising from
the Sagnac effect [13-15]. This phase difference is
proportional to the area enclosed by the interferom-
eter as well as the mass of each atom.

Motivated by this mass dependence of the rotation
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sensitivity of an AIG, we have recently proposed an
interferometer that exploits the collective excitation
of an ensemble of atoms [16]. To explain the prin-
ciple behind this briefly, we consider an assembly of
N non-interacting identical two-level atoms, as illus-
trated in Fig. 1(a). For a practical atomic interfer-
ometer, these levels are actually metastable hyper-
fine ground levels, coupled to an intermediate state
via off-resonant counter-propagating optical fields.
However, the basic concept can be illustrated by con-
sidering these two states to be coupled by a single,
traveling laser field [17]. The atoms are initially pre-
pared in quantum state |g,0), denoting that in this
state the atoms are stationary along the z-axis. A
laser beam propagating along the z-axis will impart
a momentum Ak to an atom upon absorption of a
single photon, driving it to a superposition of the
states |g,0) and |e, ik), with the amplitude of each
state depending on the intensity of the laser beam,
Q, and the time of interaction, ¢.



In a single atom interferometer, a two-level atom
is first split into an equal superposition of |g,0) and
le, k) by a m/2-pulse (so that Qt = m/2). After
letting this split atom drift freely for time 7', the
two states are inverted and redirected by a w-pulse.
At the end of another free drift time, T, the two
paths are recombined by another 7/2-pulse. This is
shown schematically in Fig. 1(b). A possible phase
difference, A¢ between the two paths manifests it-
self in the amplitude of the states at the end of the
w/2 — 7 — w/2 sequence. For example, the ampli-
tude of |g) at the end of the interferometric sequence
varies as cos?(A¢/2) [1, 14]. It is also possible to
make a similar interferometer using only a single
zone excitation [18, 19]
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FIG. 1. (a) Ensemble of N two-level atoms in a classical
laser field propagating the z-direction, (b) a single atom
interferometer produced via m/2 — m — 7/2 sequence of
excitation.

We have shown in ref. 16 how an ensemble of N
atoms can be used to make a Collective State Atomic
Interferometer (CSAI) which also makes use of the
m/2—m—m /2 pulse sequence employing counter prop-
agating Raman excitations in a A system, but has
properties that differ very significantly from the Con-
ventional Raman Atomic Interferometer (CRAI) em-
ploying the same pulse sequence. For example, the
width of the fringes generated as a function of the
differential phase between the two paths (or, equiva-
lently, a rotation applied perpendicular to its plane)
is reduced by a factor of v/N, when compared to
the same for the CRAI. The minimum measurable
phase shift, under quantum noise limited (QNL) op-
eration, is given by A¢@NL = r/\/Nn7n., where
n is the number of interrogations per unit time, 7 is
the total observation time, and 7, is the quantum ef-

ficiency of detecting one of the collective states. This
is to be compared with the same for a CRAI, which
is given by Ag@NL = 7/\/m71s where m is the flux
of atoms per unit time, and 75 is the quantum effi-
ciency of detecting each atom. For comparison, we
consider a situation where m = Nn. Thus, A¢@NE
can be substantially smaller than A¢@NE, since 7,
can be very close to unity, while 7, is generally very
small because of geometric constraints encountered
in collecting fluorescence from the atoms [16]. In
order to understand the basic principles of operation
of such an interferometer, it is instructive to first
review the Dicke states [20-22].

In ref. 20, Dicke showed that for a dilute ensem-
ble where the mean separation between the atoms,
¢ is much less than the wavelength of radiation,
A = 27 /k, (the so called Dicke regime) but the atoms
do not interact, the ensemble evolves to a superpo-
sition of N + 1 symmetric states (shown in Fig. 2).
Some of the possible Dicke states are defined as fol-
lows
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FIG. 2. Schematic illustration of some of the possible
symmetric collective states and coupling strength to their
adjacent states.

A CSAI is configured essentially the same way as
the CRAI, with two exceptions. First, it must make
use of trapped atoms, released sequentially to the
interferometer. Second, the detection process is de-
signed to measure the probability of finding all the



atoms in one of the collective states, such as |G). The
reduction in the width of the fringe occurs due to a
combination of the interferences among all the col-
lective states, which follow different paths. Details
of this process can be found in ref. 16. We have also
shown how a Collective State Atomic Clock (CSAC)
can be realized in this way, also with a v/N reduction
in the width of the fringes [23]. Just as the CSAI is
a variant of the CRAI, the CSAC is a variant of the
Conventional Raman Atomic Clock (CRAC) [24-27].
In ref. 23, we show how a conventional microwave
clock [28, 29] can also be converted into a CSAC.

As noted above, the CSAI makes use of counter-
propagating Raman transitions. As such, the char-
acteristic wave number is k, where k = (k1 + ko),
and k; and ko are the wave numbers of the two
laser beams. The non-zero temperature of a MOT
provides a spread in the velocity of the constituent
atoms. Therefore, each atom in the ensemble ex-
periences a Doppler shift leading to a spread in de-
tuning, with a zero mean value. Due to the finite
size of the ensemble, each atom may experience a
slightly different Rabi frequency depending on the
spatial variation in the intensity profile of the laser
beam. These factors contribute to a complex picture
of an ensemble in a practical experiment. Further-
more, a semiclassical treatment of a quantum me-
chanical problem is not adequate. The wavepacket
nature of the atoms must also be taken into account
by considering the center of mass (COM) momentum
of the atomic states.

In this paper, we present a description of collec-
tive states under generalized and non-ideal condi-
tions, including a situation where the motion of the
center of mass (COM) of each atom is treated quan-
tum mechanically. Such a comprehensive model of
the collective states currently does not exist in litera-
ture, and is important for understanding the behav-
ior of two new type of metrological devices currently
under investigation in our laboratory: the CSAI and
the CSAC. These devices are predicted to improve
the precision significantly over the state of the art
for the corresponding conventional devices. The de-
scription of collective states under non-ideal condi-
tions is also critical to understanding how the CSAI
and the CSAC may be used to measure, with en-
hanced precision, quantities such as magnetic field
gradient. Specifically, we first describe the semi-
classical model of generalized collective excitation
to lay down the mathematical framework on which
our analysis is based. For the sake of simplicity and
transparency, we introduce the concepts with the ex-
ample of a 2-atom ensemble identical to the Dicke
formalism of collective excitation. The role of inter-
atomic separation in determining the fidelity of Dicke
state is probed. Next, we analyze how variable Rabi

frequencies and atomic velocities affect this simple
ensemble. This investigation is then extended to a
general N-atom ensemble. In particular, we show
that under certain conditions, the generalized asym-
metric states of an ensemble are not isolated from
the symmetric set. We introduce the general method
of finding the generalized collective symmetric and
asymmetric states in an ensemble of arbitrary size.
Finally, we consider the COM motion degree of free-
dom of the atoms and investigate the implications
of the wavepacket nature of the atoms, and there-
fore, of the ensemble. This comprehensive model of
collective states, including the case where the COM
motion is quantized, is also likely to help advance the
field of spin squeezing [30-33], which in turn is use-
ful for approaching the Heisenberg limit in precision
metrology.

II. SEMICLASSICAL MODEL OF
GENERALIZED COLLECTIVE EXCITATION

Without loss of generality, we consider a collec-
tion of N two level atoms, released from a cold trap,
excited by a laser field traveling in the z direction,
assuming the field amplitude to be of Gaussian pro-
file in x and y directions, and constant in the z di-
rection. Each atom is modeled as having two en-
ergy levels, |g;) and |e;). As mentioned earlier, a
A-type atomic system excited by a pair of optically
off-resonant laser fields propagating in opposite di-
rections can be modeled as an effective two level sys-
tem of this type [18], so that the decay rate of the |e;)
state can be set to zero. This effective two-level sys-
tem is shown in Fig 1(a), where wy = (w. —wy) is the
frequency of the laser field, assumed to be resonant
for stationary atoms. Each atom, however, experi-
ences a different Doppler shift due to the thermal
motion of the atoms, and consequently, a different
effective laser frequency, wp;. The net consequence
of this is that the i-th atom picks up a detuning of
d; depending on its velocity. The Rabi frequency, €2;
experienced by the i-th atom depends on its position.

The laser field is assumed, arbitrarily, to be polar-
ized in the x direction. In the laboratory frame, the
electric field at any point r = xX+yy+22, defined ar-
bitrarily with respect to an origin, can be expressed
as E;i(r,t) = g exp|— (2% + y?) /202 ] cos(wot — kz),
where o, represents the width of the laser beam in
the transverse directions. Assume now that, at t = 0,
the i-th atom is positioned at ro; = zo;X+y0; 9+ 20:2,
and is moving at a velocity v; = vy X 4+ vy ¥ + v 2.
We ignore, for now any change to this velocity due
to the interaction with the laser field. This issue
will be addressed later when we consider the motion
of the COM of the atom quantum mechanically. In



the reference frame of this atom, which is defined
by the vector r; = rg; + v;t, the electric field can
be expressed as E;(ri,t) = XEq exp|[—((wo; +vzit)? +
(Yoi +vyit)?)/20%] cos|wot — k(z0; +vsit)]. The trans-
verse motion of the atom will lead to a time de-
pendent variation of the amplitude of the Rabi fre-
quency. We assume that, for typical systems of in-
terest, |vgit < o] and |v,t < op|, so that that
this variation can be ignored. We can then write
the field seen by the atom in its reference frame as
Ei(r,t) = &Egexp|—(z3; + v3;)/20%] cos(woit — &),
where wg; = wg — kv,; is the Doppler shifted fre-
quency seen by the atom, and & = kzy; is a reference
phase relation, determined by the initial position of
the atom, between the atom and the field for all val-
ues of t.

In the electric dipole approximation, the Hamilto-
nian for the i-th atom can be written as H; = Piz/
2m + Hy; + qpi.E;, where P; is the COM momen-
tum in the z-direction, Hy; is the internal energy of
the atom, p; is the position of the electron with re-
spect to the nucleus, g is the electronic charge, and
m is the mass of the atom. As mentioned above, we
are treating the motion of the COM of the atom
semiclassically, deferring the quantum mechanical
model thereof to a later part of this paper. As such,
the COM term in the Hamiltonian can be ignored.
Upon making the rotating-wave approximation, H;
can then be expressed in the bases of |g;) and |e;) as:

H;i/h =wg |gi) (gi| +we |e:) {eil
+ Qi (exp(i(woit — &) |g:) (eil + h-C-)/QEQ)

where Q; = (e;] (x -
pi) |9:) Ei/h.

The state of this atom, |¢;) evolves according to
the Schrodinger equation, %0 |¢;) /Ot = H; |[¢;). We
define a transformed state vector |¢]) = Q;|s),

where @; is a unitary transformation, defined as

(9:] (x - pi)|esy Ei/h =

2

Qi = Y expli(ai;t +biy)) |7) (i, (3)

j=1

where a;; and b;; are arbitrary parameters. The
Hamiltonian for this state vector is then H] =
QiH,Q " — hQ,Q; ", so that ihd ) /at = H] [u)).
To render H] time independent, we set a;; = wg and
Qi2 = Wp; + Wy- Now, setting b;; = 0, bz = —§;
makes H/ independent of any phase factor as well.
In this frame, the Q-transformed Hamiltonian thus
becomes

Hi/h= =i e}) (ei] + Qu(lgi) (e + h.c)/2. (4)

The new basis vectors, |g/) and |e;), are related
to the original basis vectors as exp(—iwyt) |g;) and

exp(—i((we + 0:)t — &)) |es), respectively. Assuming

that the ¢-th atom is initially in the state c4;(0) |g) +
cei(0) |€), its quantum state can be written as

; QL

) = (e 0)cos (55

B .Cgi (0)(51 + Cei (O)Ql . Q;t ,
i o sin | — ) g
_ ,Cgi(O)Qi — Cei(O)(S'

+ (—¢ * sin it
Q 2

+ea0)os (41 ) e, )

where Q) = /Q? + 62 is the effective coupling fre-
quency of this atom.

Since we assume no interaction among the atoms,
the ensemble Hamiltonian is the sum of all the indi-
vidual Hamiltonians corresponding to each atom in
the ensemble, H, = X, H/. The state of the ensem-
ble, therefore, evolves according to the Schrédinger
equation, ih0 |¥;.) /Ot = H(, |¥,). For illustrative
purposes, as well as transparency, let us consider
first the case of N = 2. H{, can be expressed as
H{®I, + I{®H,, where I/ is the identity operator
in the basis of |g;) and |e}) for the i-th atom. For
instance, (9195 He:|91€5) = (91| Hi [91) (92| I3 |ez) +
(911 14 |94) {gal Hy Ieh) = (95| H} leb) = hs/2. Using
this process, we can now express H(, in the basis of
product states of the two atoms, |¢1g5), |€1g5), |g1€5)
and |efeh) as

He [h=—01e195) (e195| — 02 |g1es) (greh
— (01 + d2) [e1e5) (erea] + Qi(|g192) (€15]
+ [ered) (grea] + hec.) /2 4+ Qa(|g195) (g1 €5
+ [ereh) (ehgs] + h.c.)/2. (6)

Consider first the case where all the Rabi frequen-
cies are the same, and there are no detunings. The
@-transformed Hamiltonian for each atom is then
formally identical, since the phase factors due to dif-
ferent positions are encoded in the transformed ba-
sis states |g}) and |e}). Thus, the coupled collective
states would now be formally identical to the sym-
metric Dicke states. For example,

IG") =191) lg2) »
|E7) =(Ig1¢5) + |ehgh))/ V2,
|E5) =1ef) lea) - (7)

It should be noted that each of the constituent in-
dividual atomic states in these expressions include
the temporal and spatial phase factors. Thus, these
states behave the same way as the conventional Dicke
symmetric collective states, independent of the dis-
tance between the two atoms. It should also be noted



that there exists another collective state, |Ef ;)

(1g5e5) — |t gb))/v/2 which remains fully uncoupled
from the symmetric set. The states |E]) and |E] ;)
result from a 7/4 rotation in the Hilbert subspace
spanned by |ejgs) and |gieh), as illustrated in Fig.
3(a).

Consider next the case where there is still no de-
tuning, but the Rabi frequencies are unequal. It is
not obvious what the form of the symmetric collec-
tive states should be in this case. Consider first the
task of finding the first excited symmetric collective
state (SCS). Since the |G’) state will, by definition,
be coupled only to this state, we can define this state,
in general, as

He |G')

V(G HIHL|G)

where the denominator ensures that this state
is normalized. @ When applied to the particular
case at hand, we thus get |E}) = (Qi|e}gh) +

Q2 [g1e5))/V/QF + Q3.

A rotation operator, R, rotates the Hilbert sub-
space, ®o 1, formed by |ejgs) and |gie5) by an an-
gle & = tan"1(9;/€Qs), such that one of the re-
sulting states is |F7). This also produces a state
[E11) = (Q2]eig) — Qi lgies))/+/QF + 93, which is
orthogonal to |EY). In this rotated frame, the en-
semble Hamiltonian, H,, = RH{R™! becomes

|EY) = (8)

He /h=,/0F + Q3 |G") (Eq| /2

+ Qs |Ey) (By| /1 QF + Q3

(08— O3) L) (B /20/9% + 03 + he.

(9)

Thus, the asymmetric collective state (ACS), |E] ;)
does not remain isolated but is coupled to |Fj),
which, in turn is coupled to |E{). Consider next
the case where we also allow for potentially different
detunings for the two atoms, d; and dy. It is easy
to see, based on the general definition in Eq. (8) of
the first excited SCS, that |E]) has the same form
as in Eq. (8). Similarly, the expression for |E] ;) is
also the same as above, and these states are gen-
erated by the same rotation operator, R, as given
above. However, the coupling between the states in
this rotated basis are now modified. Explicitly the
ensemble Q-transformed Hamiltonian in the rotated

frame becomes

Hi/h=— (6197 + 6:2) (| BY) (B

+ 1B 1) (B ])/(9F + 93)
— (01 + 02) | E3) (]
)

+1/92 + Q2 |G") (B4 /2

+ Q| EY) (B5| /4/QF + Q3

+ (3 - OF) | B 1) (Bl 24/ Q3 + O3
— (61 — 02) Qs |EY) (B 4| /(97 +Q3)
+ h.c. (10)

Thus, the ACS |E] ;) is now coupled directly to the
SCS |E1), in addition to being coupled to the state
|ES). Furthermore, the energies of the states are
also shifted with respect to |G’). These couplings
and shifts are illustrated in Fig. 3(b).
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FIG. 3. (a) Rotation of basis states to form collective
states in a two-atom ensemble, (b) the complete set of
all collective states and relevant couplings and detunings
in a two-atom ensemble.

In an ensemble with a large number of atoms, the
number of asymmetric states is far larger than that of



the symmetric states. In the next section, we discuss
a more generalized view of collective states, consider-
ing the variations in different parameters and man-
ifestations thereof in the behavior of the collective
states.

In the preceding discussions, we have taken into
account the facts that each atom is at a unique posi-
tion (which means that it sees a unique phase of the
laser), sees a potentially unique Rabi frequency, and
is moving with a particular velocity which in turn
produces a Doppler shift. A natural question that
may arise is whether we are taking into account the
fact that the position of each atom is changing with
time, so that it would see a time varying Rabi fre-
quency and laser phase. The temporal variation in
Rabi frequency can be ignored because the velocity
of each atom is assumed to be very small. In ap-
pendix A, we show that the temporal change in the
laser phase seen by the atom is akin to taking into
account the Doppler shift.

IIT. N-ATOM ENSEMBLE

The Hamiltonian of an ensemble of N non-
interacting and non-overlapping atoms is simply
given by the sum of the Hamiltonians of the con-
stituent atoms as noted above. It is convenient to
express these as a sum of three parts: raising, low-
ering and detuning: H, = H| + H| + H), where
Hy = S50 [ef) (il /2, H = 3708 |gf) (€] /2.
and H);, = fzyhéi ler) (ef|. The raising part of the
Hamiltonian, H. couples |E/) to its adjacent higher
SCS, |E] ;). Similarly, the lowering part of the
Hamiltonian, H] couples |E}) to its adjacent lower
SCS, |E},_1). The function of the third term, H) is
two fold. First, it leads to a shift in the energy of the
collective states (symmetric and asymmetric). Sec-
ond, under certain conditions, it leads to a coupling
between the SCS and all the ACS’s, as well as among
all the ACS’s, within the same manifold (i.e., the set
of collective states corresponding to the absorption
of a given number of photons). Analogous to Eq. (8),
|E;, 1) can be generated from |E},), for any value of
n, using the following prescription

H!|E)
(B, HYHL|EL)

|Epi) = (11)

To illustrate the use of Eq. (11), we first con-
sider the ideal case where each atom sees the same
Rabi frequency, and experiences no Doppler shift,
but still allowing for the fact that different atoms
see different spatial phases. Since H); = 0, the asym-
metric states remain fully uncoupled from the sym-
metric states. Using Eq. (11), we can now easily

find |E7), noting that |E}) = |G’). Application
of H! to |G'), upon normalization, then leads to
the result that |E{) = Zi\;l g1 s v€les s O ) /VN.
This is essentially the same as the well-known first-
excitation Dicke state, with the exception that the
spatial phases seen by the individual atoms are in-
corporated in the constituent states |g’) and |e'), as
noted before in the context of N = 2. As such, use
of such a state in describing the behavior of the en-
semble is not constrained by the distance among the
atoms, as also noted earlier.

It is now easy to see how to generate |E!) for any
value of n, by repeated application of H/, and allow-
ing for the normalization, as prescribed by Eq. (11).
Specifically, we get

J(N,n)
E) = J(N,n) ™2 37 Pelg @ mme®n) - (12)
k=1

where J(N,n) = J = (), and P} is the permutation
operator [34].

Under the ideal condition being considered here,
the ACS’s remain fully decoupled from the symmet-
ric set at all times, as noted above. As such, an
explicit description of the forms of these states is
not necessary for understanding the behavior of the
ensemble. However, when we consider non-idealities
later, it will be important to understand the form
of the ACS’s. Therefore, we discuss here how to de-
termine these states explicitly in the ideal case, and
a simple modification of this approach will then be
used later on for the non-ideal cases, where the ACS’s
are relevant.

Consider a particular manifold corresponding to
the absorption of n photons. The SCS is |E}), and
there are (J — 1) ACS’s, denoted as |E}, ;) for j =1
to (J —1). To find these states, we consider @ .,
the Hilbert sub-space of dimension J spanned by the
states Py, [¢/®V=")¢e/®) . The elements of @y, are
arbitrarily labeled 1, 8s,...,57. The SCS is a par-
ticular vector in this Hilbert space, and the ACS’s
are any set of mutually orthogonal vectors that are
all normal to the SCS. Thus, the set of ACS’s is
not unique, and there are many ways to construct
them. The standard procedure for finding such a set
of orthonormal vectors is the Gram-Schmidt Orthog-
onalization (GSO) process. From a geometric point
of view, the GSO process can be seen as a set of gen-
eralized rotations (with potentially complex angles)
in the Hilbert space. Given that the SCS consists
of a superposition of the basis vectors with real co-
efficients, these rotations can be viewed in terms of
physical angles for N = 2 and 3, whereas for N > 3,
the angles have to be interpreted in an abstract man-
ner. In order to elucidate our understanding of the
ACS’s, we first formulate the construction of ACS’s



for arbitrary N and n, by successive rotations of the
Hilbert subspace, ®y,,. We then illustrate the ap-
plication of this model for N = 3 for constructing
some explicit version of the ACS’s (noting that the
N = 2 case has only a single ACS which can be found
trivially and has been explained in detail in Sec. II).

The elements of @y ,,, labeled 31, 3,...,3;, form
the coordinate axes of this Hilbert space. In this
picture, we can represent the SCS as V = (§; +
89+ ...+ 575)/V/J, a vector that makes an angle,
6 = cos~!(1/4/J) with each of the axes. Thus,
to find all the collective states of ®y ,, including
the SCS and all the ACS’s, we proceed as follows.
We start with the original set of coordinate axes:
81,89,...,58;. We then carry out a set of (J — 1) ro-
tations, producing a new set of coordinate axes that
are mutually orthogonal. The rotation angles are
chosen to ensure that after the (J —1) rotations, one
of the coordinate axes is parallel to V (which is the
SCS), so that the remaining set of coordinate axes
can be identified as the ACS’s. This is accomplished
by carrying out the following steps:

Step 1: We write V as a sum of two terms, Vi
and V,cs, where Vo = (81 + 82)/v/J. Normaliza-
tion of V15 gives the unit vector Vip = (51+52)/V2,
revealing that it makes an angle cos™1(1/v/2) with
§1 and 85. Therefore, the plane of §; and §, must be
rotated around the origin by fy = (—cos™(1/v/2))
to give 8, = (81 — 82)/V/2 and 8, = (81 + 52)/V/2.
Obviously, 8, is parallel to Vi3. By construction,
8} is orthogonal to &), and therefore to Vi3. Since
Vst does not contain any component in the {51, 82}
plane, it then follows that §) is orthogonal to V, and
is therefore an ACS. For N = 2 described in Sec. 11,
8) = |E1 ;) and 83 = |E7), and the process stops at
this point.

Step 2: The vector, V is rewritten as another
sum of two terms, Vig3 and V. _,,, where Vis3 =
(51 + 83 + 33)/V/J. Normalization of Va3 gives
the unit vector Vi3 = (81 + 82 + 33)/v/3, showing
that it makes an angle cos™'(1/v/3) with 51, 55 and
83. Since 8} is orthogonal to V, we leave it undis-
turbed. The plane of 8, and 383 is rotated around
the origin by 63 = (—cos™'(1/V/3)), resulting in
8 = (81482 —283)/v6 and §'3 = (81 + 82+ 83)/V/3.
It is clear that 85 is parallel to Via3. By construc-
tion, &4 is orthogonal to 8%, and therefore, to Via3.
Furthermore, since V'.__, does not contain any com-
ponent in the {31, 82, 83} plane, it then follows that
8 is orthogonal to V. §J is also orthogonal to &/,
since it is a linear combination of 8, and 8%, which are
both orthogonal to §). Thus, 8 is the second ACS.
For N = 3 and n = 2, this is the terminal step, re-
sulting in 8] = |Fj ), 85 = [E5,) and 85 = |E3), as
shown in Fig. 4.

Step 3: V is written again as V = Vyg34 +V”

rest?
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where Viogq = (81 + 82 + 83 + §4)/\/j. Again, nor-
malizing V1234 giVGS V1234 = (.§1 + §2 —+ §3 + §4)/\/41,
showing that it makes an angle cos™'(1/y/4) with
81, 82, 83 and 84. As described in Step 2 above, §)
and 8 are orthogonal to each other and to V, and,
therefore, we leave these two undisturbed. To find
the vector orthogonal to this pair as well as to V,
we rotate the plane of §5 and 84 about the origin by
04 = (—cos™!(1/V/4)), and derive 8§ = (8, + 82 +
§3 - 3§4)/\/ﬁ and 32 = (§1 + §2 + §3 + §4)/\/41 Fol-
lowing the same set of arguments presented in Step
2, it is easy to show that 84 is orthogonal to &}, 85
and V. As such, this is the third ACS. For N = 4
and n = 1, this is the terminal step, resulting in
3 = |B],), 8 = |BL), 8 = B} ) and 8 = |E}).

Step 1

FIG. 4. Hilbert sub-space rotation of the first excited
state of an ensemble of three atoms.

For arbitrary N and n, there are (J —1) such steps
to arrive at the Hilbert sub-space (I)Ev,n spanned by
§1,85,84,...,8;, where &} is the SCS and the rest
are the ACS’s. This process can be formalized by the
method of matrix rotations considering the column
vector formed by the elements of the space @y, as
follows

JU T

S:[sl 82...3J] . (13)

The vector, S undergoes a series of rotations that
transforms it to another vector, S¢ whose elements
are the symmetric and asymmetric collective states
for that particular manifold of the ensemble. The



first rotation matrix, R(2) causes a rotation of S in
the {81,382} plane to form S; whose elements are
{§’1, 9,83, ..., 3;}. The second rotation matrix,
R(3) further rotates the vector Sy in the {s's,33}
plane to give S3. This process is continued until
the vector, S; = S¢ is formed by applying R(J)
on Sj;_1. Therefore, the overall process may be ex-
pressed as S¢ = RrS, where Ry = R(J)R(J —
1)...R(3)R(2). The j-th rotation vector is of the

form
lform=nm#j—-1,j
costjform=n=j—-1,j
R(j)mm = —sinf;form=jn=53—-1 , (14)

sinfjform=j—-1,n=j
0 otherwise

where 6; = cos™!(1/4/7), so that cosf; = 1/y/j and
sing; = \/(j —1)/j. This matrix represents a simple
rotation by an angle of (—6;) in the plane of 8’ _, and

3. To visualize this, we show below the explicit form
of R(2), R(3) and R(4).

cosfy —sinfy 0

sinfly cosfy O

0 0 1

R2)=1 o0 0 0

= o OO
OO OO

[EE

0 0 00 ...
By = cos 1(1/v/2),
o 0

0 cosfs —sinf;

0 sinf3 cosfs
RB)=10 o0 0

_o OO
oo OO

[EEO

10 0 0 0 J
03 = cos™1(1/v/3),

o o0 0
01 O 0
00 C0894 —sin04
0 0 sinfy cosfy

oo OO

R(4) =

oo 0 0
0y = cos 1 (1//4). (15)

In general, for arbitrary N, n and therefore, J, the
SCS and ACS’s can be expressed as follows

J

|E,,) :Z sV,

=1
B =& —8+0)/ViG+ 1), (16)
=1

where 7 = 1,2,...,n — 1. Conversely, the original
unrotated vectors can be written in terms of the ro-
tated, collective states bases as follows

J—1
S1=|E,) NI+ B ) Vi + 1),
j=1

J—1
8 =B NI+ B, VIT+1)

1=j
Vi 1IE, ;-0 Vi, (17)
where j = 2,...,n — 1. This inversion is useful in

illustrating the behavior of the collective states in
more complex situations, an example of which will
be presented shortly.

In order to get a clearer picture of how the spread
in detuning affects the behavior of the ensemble,
we consider the simple case of a 3-atom ensemble
interacting with a laser of uniform profile. Addi-
tionally, we assume that the ¢-th atom experiences
a detuning of §;. The manifold corresponding to
the absorption of 1 photon is spanned by the set
®3 1, whose elements, given by |e]ghgs) , |91 e595) and
|g1gbes), are now labeled as 81,82 and 83, respec-
tively. The SCS of this manifold, as defined in
Eq. (16), is given by |E}) = (81 + & + 33)/V3 =
(le19295) +|g1€29%) + |91 95€5))/v/3. One of the possi-
ble ways of forming the set of ACS’s is |E] ;) = (81—
82)/V2 = (le19595) — |d1€295))/ V2, and |EY ) (31 +
82—253)/V/6 = (le19595) + |g1€295) — 2191 95¢5)) / V6.
The action of the ensemble Hamiltonian, H} =
H| + H] + H), on |E}) shows how it experiences an
energy shift, and couples with its adjacent states as
follows:

H, |E7) /h =$(|e) ea95) + |eh gaes)

+ |gheses)) / V3, (18a)
Hi |E7) /b =V/3Q |g19595) /2, (18b)
! ! . o o0
Hy |E1) /h=(—01 ‘619293> — 02 |916293>
— 03 |91 95¢5))/V/3. (18¢c)

It can be seen from Eq. (16) that Eq. (18a) can be
written as H |E{) /h = Q|ES) and Eq. (18b) can be
written as H] |E}) /h = v/3Q2|G’) /2. Furthermore,
each term on the right hand side in Eq. (18¢c) can
be written in terms of the relevant SCS and ACS’s
according to Eq. (17):

HY B} Jh= — 6181 /V/3 — 0285 /V/3 — 63583//3
=— (01 +02+03)|EY}) /3
— (61— 82) |y 1) /V6
— (01 + 02 — 203) |EY o) /Y18, (19)



The first term in parentheses on the right hand side
of Eq. (19) is the energy shift in |E{). The second
and third terms give the coupling strength of |E})
with |E] ;) and |E] ,), respectively. In the case that
each atom in the ensemble experiences the same de-
tuning due to Doppler shift, these two terms go to
zero, and the ACS’s remain uncoupled from the sym-
metric set.

In the more complex case where each atom in
the ensemble experiences a unique Rabi frequency,
the raising part of the ensemble Hamiltonian ap-
plied to any SCS yields the next higher SCS of that
ensemble, as prescribed in Eq. (11). To illustrate
this, we consider the example of a 4-atom ensem-
ble where the raising part of the Hamiltonian is
H! = S0 0 |e}) (gl /2. The set of SCS’s are
therefore, the following:

|ET) =(Q1 € g59594) + Q2 |giebgsgh)
/

+ Q3191 92€59%) + Qi |g19595€4))
X (Q2 402+ Q2 +Q2)~1/2
|E5) =(Q192 |e]eag394) + Qs [egre594)
+ Q4 fe)ghg5es) + Q205 |gresesgs)
+ Q2Q4 [gresg5el) + Q3Qu [g195€5¢€)))
X ((21922)% + (Q3)° + (2)?
+ (2203)? + (2Q4)% + (Q304)%) 712
|E5) =(Q1202Q3 |efesesgl) + Q1Q2Q [ e5952)
+ Q3 [e1gesel) + Q20304 |g) eresel))
X ((1Q22023)% + (2 Q20)% + (21Q2304)3
+ (929394)2)—1/2
|E}) = |efezesel) . (20)

The set of ACS’s corresponding to |E) in the
present case of non-uniform Rabi frequency consists
of (J — 1) elements that are orthogonal to one an-
other as well as to |E/). As mentioned above, they
can be constructed using the GSO process. The re-
alization of this process as a set of rotations follows
a similar set of rules as described above. However,
the rotation angles will now depend on the relative
amplitudes of all the Rabi frequencies. The details
of this process are beyond the scope of the present
discussion and will be presented elsewhere.

IV. QUANTIZED COM MODEL OF
ENSEMBLE

As mentioned earlier, we have been investigating
the use of atomic ensembles for a Collective State
Atomic Interferometer (CSAI). In a Conventional
Raman Atomic Interferometer (CRAI), one must
take into account the quantum nature of the COM

motion. Similarly, for a CSAI, we must consider the
COM motion of the atom quantum mechanically. In
doing so, one must consider all the degrees of free-
dom of the COM. However, for a CRAI as well as
the CSAT (which is a variant of the CRAI), only the
motion in the direction parallel to the laser beams
(which we have chosen to be the z direction) has to
be quantized. As such, in what follows, we keep our
discussion confined to such a scenario.

The i-th atom is now a Gaussian wavepacket
formed by the superposition of an infinite number
of plane waves, where the p-th plane wave can exist
in two energy states, |gip, hk;,) and |eip, h(ki, + k)),
which differ by a momentum hk. Since the laser field
amplitude is assumed to be constant in the z direc-
tion, the Rabi frequency experienced by each plane
wave manifold of the i-th atom is €2;. The Doppler
shift induced due to the thermal motion of the atoms
in the z direction ascribes a detuning of dr; to this
atom. As such, the Hamiltonian of the p-th plane
wave of the i-th atom is

Hip/h =(wy + ﬁk§§/2m) |gip) (ip]
+ (we + ki, + k)% /2m) |eip) (eip]
+ Qi (exp (i(woit — &) gip) (€ip| + h.c.)/2.

(21)
(a) ,
ki
= kiz
kis
Z; Z;
b e
W gi_‘sn‘ + 83
_____ - ®: St e, A(kis + k)
i O+ 6 §|ei2, (ki +k))
L lei, (ki + k)
| ._n_i
; ° 9 ki)
.: |gi2r hkiZ)

—_

|gi1, ki)

FIG. 5. (a) Quantized COM model of an atom, (b) two
level model of each plane wave component.

The Schrédinger equation governing the evolu-
tion of the state vector of this plane wave, |t;,),
is 4RO |1ip) /Ot = Hip |1ip). Similar to the descrip-
tion given in Eq. (3-4), a unitary transformation, Q;p



changes [t)ip) to [1;,) such that

Qip = Y exp (iaipst + bipy)) 17) (il (22)

j=1

where a;,; and b;p; are arbitrary parameters. The
Hamiltonian in the new basis vector thus formed is
H], = QipHipQp,)' —hQipQy,, so that ihd |y} /Ot =
Hj, [4;,). Tt can be stripped of its time dependence
by setting ag1 = wy + Bk /2m and agpe = we +
Ovi + hk;§/2m. For b;p1 = 0 and b = —¢&;, {p is
rendered independent of any phase factors. In the
transformed frame, the Hamiltonian is thus

Hi,/h =(—=0by; + hk? /2m + hkkj,/m) |e},) (e},]
+ Qi(lgip) (€i,| + hec.) /2. (23)

Since the atom is a sum of these individual plane
waves, it evolves according to the equation that is
the sum of the individual Schrédinger equations,
B, o [04,))/0 = 222, Hly ). In the
limit that the Rabi frequency of the i-th atom is
large compared to the Doppler shift due to the COM
momentum of each of the constituent plane waves,
i.e. € > hkkj,/m , the corresponding Hamiltoni-
ans become identical to one another. The result-
ing evolution equation is then 70 [¢) /Ot = H! |v}),
where [¢j) = Z;:_Do |ip) and H; = Hj, = Hj,
etc. In this regime, the atom’s Hamiltonian becomes
Hi/h = —=6ilej) (ei| + Qilgi) (ei| + h.c.)/2, where
8; = 0y; — hk?/2m. This is identical to the semi-
classical Hamiltonian of the atom where the COM
mass degree of freedom of the atom is not consid-
ered. Thus, we conclude that, under approximations
that are valid for the CSAI, a semi-classical descrip-
tion of the COM motion of each atom is sufficient.
As such, all the results we have derived above regard-
ing the properties of collective state remain valid for
the CSAL

V. SUMMARY

We have investigated the behavior of an ensemble
of N non-interacting, identical atoms, excited by a
laser with a wavelength of A. In doing so, we have
assumed that the wavefunctions of the atoms do not
overlap with one another, so that quantum statistical
properties are not relevant. In general, the i-th atom
sees a Rabi frequency €);, an initial position depen-
dent laser phase ¢;, and a motion induced Doppler
shift of §;. When Q; = Q and d; = § for all atoms, the
system evolves into a superposition of (N 4 1) gen-
eralized symmetric collective states, independent of
the values of ¢;. If ¢; = ¢ for all atoms, these states
simplify to the well known Dicke collective states.
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When €; or §; is distinct for each atom, the system
evolves into a superposition of symmetric as well as
asymmetric collective states. For large values of N,
the number of asymmetric states (2 — (N + 1)) is
far larger than that of the symmetric states. For
a CSAI and a CSAC it is important to understand
the behavior of all the collective states under vari-
ous conditions. In this paper, we have shown how to
formulate systematically the properties of all the col-
lective states under various non-idealities, and used
this formulation to understand the dynamics thereof.
Specifically, for the case where ; = Q and §; = § for
all atoms, we have shown how the amplitudes of each
of the generalized collective states can be determined
explicitly in a simple manner. For the case where §2;
or ¢; is distinct for each atom, we have shown how
the symmetric and asymmetric collective states can
be treated on the same footing. Furthermore, we
have shown that the collective states corresponding
to the absorption of a given number of photons can
be visualized as an abstract, multi-dimensional ro-
tation in the Hilbert space spanned by the ordered
product states of individual atoms. This technique
enables one to construct the explicit expression for
any asymmetric state of interest. Such expressions
in turn can be used to determine the evolution of
such a state in the CSAI or the CSAC. We have also
considered the effect of treating the COM degree of
freedom of the atoms quantum mechanically on the
description of the collective states. This is particu-
larly relevant for the CSAI. In particular, we have
shown that it is indeed possible to construct a gen-
eralized collective state when each atom is assumed
to be in a localized wave packet.

Appendix A: Equivalence Between Doppler
Effect Induced Phase Shift and Position Change
Induced Phase Shift

Consider an ideal two level atom, excited by a laser
field traveling in the z direction, assuming the field
amplitude to be uniform in all directions. The atom
is modeled as having two energy levels, |g) and |e).
For the issue at hand, it is not necessary to consider
the radiative decay of |€). As such, we assume both
of the states to be long-lived. This two-level system
is shown in Fig. A.1(a), where wq is the frequency
of the laser field, assumed to be resonant for a sta-
tionary atom. The laser field is assumed to be polar-
ized, arbitrarily, in the x direction. As illustrated in
Fig. A.1(b), the atom is initially (¢ = 0) positioned
at ro; = r0;X + yo;¥ + 20iZ and is moving in the z
direction with a non-relativistic velocity v. The elec-
tric field at a time ¢, in the atom’s frame of reference,
is E(r,t) = XEj cos(wot — kz), where z = zp; +vt. In
the semiclassical model employed here, the Hamilto-



nian of this atom can be written as H = Hy; +¢qp-E,
where the terms have their usual meanings as given
in Sec. II. After making the rotating-wave approxi-
mation as prescribed in Sec. II, H can be written in
the bases of |g) and |e) as

H/h =wq|g) (9] + we |€) (e]

+ Q(exp(i(wot — k(zo; + vt))) |g) (e| + h.c.)/2,
(A1)

where Q = {g| (x - p)|¢) E/h = (e] (x - p) |g) E/h.

(@ (b)
We T We T
e lley |e>} kv
=
wo wWo -8
8]
5]
"
£Y
| Zoj
N
Wy —— wg—— .
l9) lg) 2= 0
© 1
t
0 T t+T 2t+T
FIG. A.1. (a) (left) Two level atom in the lab frame

frame, (right) in the atom’s frame of reference, (b) change
in the coordinates of the atom over the duration of in-
teraction with the laser pulses, (c) laser beam intensity
variation over the duration of interaction.

The state of this atom, [¢)) evolves according
to the Schrodinger equation, k0 |¢) /Ot = H |¢).
A unitary transformation, @ defined as Q =
35—y exp(i(ast +b;))1) (j| changes [¢) to |¢) =
Q |¢), where a; and b; are arbitrary parameters. The
Q-transformed Hamiltonian for this state vector is
then H' = QHQ ™! — hQQ ™1, so that ihd |¢’) /ot =
H'|¢"). H' is stripped of its time dependence by
setting a1 = wy and ay = wy + wy = we — kv. Now,
setting by = 0, by = —kzp; makes H' independent of
any phase factor as well. The @-transformed Hamil-
tonian thus becomes

H'/h=kv|e') (€| +Q|g') ('] + h.c.)/2. (A2)
Therefore, the velocity of the atom induces a net
detuning of § = —kv. The new basis vectors, |g’)
and |e¢’), are related to the original basis vectors as
exp(—iwgt) |g) and exp(—i((we — kv)t —kzo;)) |e), re-
spectively. If the atom is initially in ¢4 (0) |g}) +
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cei(0) |€}), its state after interaction for a time ¢ is
given by Eq. (5).

We consider this atom’s interaction with two con-
secutive laser fields separated by a dark zone of du-
ration T, as illustrated in Fig. A.1(c). The time
of interaction of the atom with each field is such
that 7 = 7/2Q. The atom initially at z = 2,
drifts to z = 295 by the end of the entire interac-
tion sequence. For the sake of simplicity, we as-
sume that kv <  and that the atom’s position
does not change appreciably over the duration of
the pulse. Starting with the atom in state |g) at
t = 0, the state of the atom at the end of the first
pulse (t = 7) is [¢/) = (l¢g') —ile'))/\/(2). The Q-
transformed Hamiltonian in the dark zone is given
by H, = kvle') (¢/|. At t = 7+ T, the state of the
atom can be expressed as

@) = (|g') — i exp(—ikvT) |¢'))/ V2. (A3)
After the atom’s encounter with the second pulse
(t = 27 + T), its quantum state can be writ-
ten as |[¢) = (1 — exp(—ikovT))|g") /2 — i(1 +
exp(—ikvT))|e’) /2. In the original bases of |g) and
le), the final state of the atom at the end of the sep-
arated field interaction sequence is given by

[¥) =(1 — exp(—ikvT)) exp(—iwyt) |g) /2
— (1 + exp(—ikvT)) exp(—i(we — kv)t
+ikzo;) le) /2. (A4)

Now, we consider the same interaction shown in
Fig. A.1(c) in the laboratory frame of reference in
which the electric field at any point along the laser’s
direction of propagation (z direction) is given by
E(r,t) = XFEgcos(wot — kz). Considering that at
t = 0 the atom is positioned at z = zy;, the
Hamiltonian for the first interaction zone is given by
Hi [l = wylg) 1 9] + e |e) 1 (e] + Qexpliwot —
kz0:)) |9) .1 (e| + h.c.)/2, where the subscript L in-
dicates that this is in the laboratory frame. The
state of the atom evolves according to ihd |¢), /Ot =
Hpq|Y),. Therefore, the transformation @ to re-
move time and phase dependence from Hyp; is given
by Q1 = exp(iwgt) |1) (1| + exp(i(wet — kz0,)) [2) (2].
The resulting Q-transformed Hamiltonian in the
bases of |g/), and [¢') is Hp, /b = (Qg'),, (] +
h.c.)/2. As a result, considering that the atom is in
state |¢’), at t = 0, the state of the atom at t = 7 is
W) =(lg")p —ile) )/ V2.

The dark zone @-transformed Hamiltonian, H7 ,
contains no non-zero elements. Thus, at the end
of the dark zone (¢t = 7 + T), the quantum state
of the atom remains unaltered. Since the atom
has a non zero velocity, v along z direction, by
the end of the dark zone it will have moved to

z = zof. As a consequence, the Hamiltonian for



the second pulse will be Hra/fi = wq|g); (9] +
we |€) 1 (e| + Qexp(i(wot — kzor)) 1) 1 (€] + h.c.) /2.
The @-transformation required to make Hys time
and phase factor independent may be written as
Qs = expligt) |1) (1] + expli(wet — kzop)) [2) (2
and we define [¢"), = Q2|¢),. The new basis
states thus formed are |¢”), = exp(iwyt)|g), and
le”y; = exp(i(wet — kzor))|e);. Therefore, the
quantum state of the atom at the end of the dark
zone (t = 7+ T'), must now be written in the Q-
transformed bases of |¢”), and |e”),. As such, we
get [0") = Q207" [W), = (Ig")p — i exp(ik(z0i —
zof)) |€”);)/v2. This is the initial condition for
the second pulse. At the end of the second pulse,
t = 27 4+ T, the atom’s quantum state is, therefore,
given by [¢"), = (1 — exp(ik(z0; — 20¢))) 19") 1 /2 —
i(1 + exp(ik(z0i — 20s))) |€”) /2. Thus, in the orig-
inal bases of |g); and |e),, the state of the atom
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is

1), =(1 — exp(ik(z0i — 207))) exp(—iwgt) |g);, /2
— (1 + exp(ik(z0; — 205))) exp(—iwet
+tkzof) l€), /2. (A5)

Since zof = z0; + vT, Eq. (A5) is identical to

Eq. (A4). Thus, when one takes into account the

Doppler shift, it is no longer necessary to consider

explicitly the fact that the atom sees a different laser

phase at different times.
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